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ABSTRACT

In rarefied gas dynamics, classical models like Fourier’s law cannot be used due to insufficient collisions
and the lack of equilibrium, typically represented by a larger Knudsen number. Extended gas dynamics
models, such as moment approximations in kinetic theory, augment traditional continuum mechanics
and include more variables and equations to describe the state of the gas, resulting in increased complex-
ity of the equations. One of the most successfull such approximations are the regularized 13-moment-
equations. Originally derived in [1] to overcome the subshock problem of moment equations [2] they
exhibit superior accuracy and stability properties, see also the review [3]. Boundary conditions for R13
have been established in [4, 5] which allowed analytical solutions for fluid dynamic model problems
with comparison to experiments in [6, 7]. Over time regularized moment equations have been derived
for different molecule models, mixtures as well as polyatomic and granular gases, see [8, 9, 10, 11, 12].
For increased accuracy higher order moment models are possible [13, 14].
Linearized around a constant ground state and in dimensionless and steady state form the equations are
given by

∇ · v = fmass mass balance
∇ρ+∇θ +∇ · σ = fforce momentum balance

∇ · v +∇ · q = fheat energy balance
−4

5(∇ · q)stf + 2(∇ · v)stf = − 1
Knσ − 4

3Kn∆σ + 8
5Kn∇ · (∇ · σ)stf stress balance

∇ · σ + 5
2∇θ = − 2

3Knq− 12
5 Kn∆q+ 12

5 Kn∇ · (∇ · q) heat flux balance

(1)

where the first three equations are for desnity ρ, velocity v and temperature θ, while the last two equations
are constitutive laws or closures for the fields of stress tensor σ and heat flux q.
A variety of numerical methods for moment equations have been developed in [15, 16, 17, 18]. In this
work we will on a mixed finite element solver for the steady, linearized, regularized 13-moment equations
[16]. The Python implementation builds upon the software tools provided by the FEniCS computing
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platform. We use a new tensorial approach utilizing the extension capabilities of FEniCS’ Unified Form
Language to define required differential operators for tensors above second degree. Using the software
abstraction levels provided by the Unified Form Language allows an almost one-to-one correspondence
between the underlying mathematical equation (1) and the resulting source code. Test cases support the
validity of the proposed implementation using validation with analytical solutions. The documented and
validated solver is provided publicly under the name fenicsR13.
In rarefied or non-equilibrium environments a phase interface is subject to jump conditions that couple
interface velocity, local equilibrium, and non-equilibrium variables in a possibly discontinuous way,
triggering boundary layer effects that shape the bulk solution [19]. Together with the nonlinear coupling
of the evolving domain and the physical field equations, phase transitions in rarefied gas dynamics pose
a significant challenge to numerical discretizations. In [20], we present a mesh-conforming interface
method using the finite element framework FEniCS and the level-set method with remeshing. At each
time step, the domain is remeshed such that the computational mesh is conforming to the interface. This
yields highly accurate and robust representations of the phase interface, allowing the non-equilibrium
interface conditions to be imposed directly and thus avoiding interpolation errors. The finite element
solver and the meshing tool in our framework are exchangeable and adaptable. We provide an example
implementation that is freely available and reusable in the reproducibility repository accompanying this
paper. The framework is validated with simulations of the classical Stefan problem, and its flexibility is
demonstrated on a model problem for the R13 equations for rarefied gas heat conduction using fenicsR13.
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ABSTRACT 

 The direct simulation Monte Carlo (DSMC) method is promising for simulating rarefied 

nonequilibrium flows, but its inherent statistical noise and spatiotemporal resolution limitation hinder 

its applications for low-signal and near-continuum regimes. This work presents a denoising multiscale 

particle (DMP) method for efficient particle simulation of non-equilibrium gas flows. By extending 

particle attributes, each simulated particle in the DMP method carries both microscopic velocity and 

macroscopic flow information. Its low-noise property, where the signal-to-noise ratio is independent of 

signal magnitude, is achieved by statistically averaging the macroscopic information carried by particles. 

Additionally, anti-dissipation terms and spatial interpolation of macroscopic quantities are introduced 

to effectively compensate for numerical dissipation under large spatiotemporal steps, enabling 

multiscale computational capability. The method maintains high accuracy at coarse resolutions and 

significantly reduces the number of sampling particles required. 

 

 Specifically, from the perspective of denoising, inspired by the information preservation (IP) 

method, we generalize the velocity distribution function (VDF) to a velocity-information joint 

distribution function (VIJDF),  

 𝐹(𝑡, 𝒙, 𝒄, 𝓾, 𝒯) (1) 

where (𝑡, 𝑥) denote the spatiotemporal coordinates, 𝒄 is the molecular velocity, and (𝓾, 𝒯) represent 

the low-noise information velocity and temperature preserved additionally by simulated particles. The 

evolution of the VIJDF is governed by an information-augmented Boltzmann equation,  

 
𝜕𝐹

𝜕𝑡
+ 𝑐𝑖

𝜕𝐹

𝜕𝑥𝑖
+ 𝐺𝓊𝑖

𝜕𝐹

𝜕𝓊𝑖
+ 𝐺𝒯

𝜕𝐹

𝜕𝒯
= 𝐶(𝐹, 𝐹) (2) 

Based on this formulation, both transport properties and denoising properties are theoretically analyzed 

[1].  

 Furthermore, to overcome the spatiotemporal resolution limitation of DSMC, we analyze the 

spatiotemporal discretization errors, and derive modified formulations for transport coefficients under 

finite time step Δ𝑡 and cell size Δ𝑥:  

 
𝜇(Δ𝑡)

𝜇
=

Δ𝑡

2𝜏
coth (

Δ𝑡

2𝜏
),     

𝜅(Δ𝑡)

𝜅
=

Δ𝑡Pr

2𝜏
coth (

Δ𝑡Pr

2𝜏
) (3) 

                                                      
* Corresponding author 
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𝜇(Δ𝑥)

𝜇
= 𝜉

Δ𝑥

2𝜆
coth (𝜉

Δ𝑥

2𝜆
),     

𝜅(Δ𝑡)

𝜅
= 𝜉

Δ𝑥Pr

2𝜆
coth (𝜉

Δ𝑥Pr

2𝜆
) (4) 

where 𝜇 and 𝜅 are the viscosity and heat conductivity, 𝜏 and 𝜆 are the mean collision time (MCT) 

and mean free path (MFP), Pr is the Prandtl number. To mitigate these errors, an anti-dissipation 

distribution is incorporated into a second-order exponential Runge-Kutta scheme to reduce temporal 

errors, while a local sampling collision approach is proposed to alleviate spatial errors. These techniques 

enable the use of coarser spatiotemporal resolutions without compromising accuracy [3]. 

 The DMP method integrates the above designs, and can achieves high accuracy at coarse 

resolutions while substantially reducing the number of sampling particles required [2]. A schematic 

diagram of the DMP method is shown in Fig. 1. 

 
 

 
 

Figure 1: Schematic diagram of the DMP method.  
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ABSTRACT 

Stochastic particle methods, exemplified by the Direct Simulation Monte Carlo (DSMC) approach, 
are widely used for nonequilibrium gas flows. However, they impose strict constraints on the time step 
(resolving the mean collision time) and cell size, which are fundamentally consequences of operator-
splitting errors. Specifically, while standard Strang splitting is formally second-order accurate, its 
accuracy degrades to first order in the stiff regime. This "order reduction" implies that the scheme is not 
asymptotic-preserving with respect to the Navier-Stokes limit in under-resolved  scenarios. In this 
work, we revisit this issue through a manifold-based analysis. We demonstrate that when the time step 
under-resolves the relaxation process, conventional splitting acting on the collision substep erroneously 
projects the distribution function directly onto the Euler limit (a perfect Maxwellian). This intermediate 
state of complete equilibrium directly leads to a final state after the subsequent half-step transport where 
the non-equilibrium components scale linearly with time step. Physically, this manifests as a spurious 
time-step dependent viscosity. To address this, we propose a structure-preserving splitting scheme that 
modifies the collision substep using an implicit midpoint method, thereby maintaining both symmetry 
and asymptotic consistency. The scheme is implemented within a Fokker-Planck model covering both 
monatomic and diatomic gases, where particle evolution is governed by Langevin equations coupled 
with implicit moment-level updates. The resulting Multiscale Stochastic Particle (MSP) method is 
validated against the SR3 low-density wind-tunnel condition. Results demonstrate that, compared to 
standard DSMC, the MSP method exhibits uniform second-order accuracy and significantly improved 
robustness in the coarse-resolution regime. 

INTRODUCTION 

Stochastic particle methods, exemplified by the Direct Simulation Monte Carlo (DSMC) approach, 
have become the standard for simulating nonequilibrium gas flows in the rarefied regime. These methods 
are commonly implemented using operator-splitting schemes, where the transport (convection) and 
collision (relaxation) operators are decoupled and advanced sequentially in time. While this splitting 
ensures algorithmic simplicity and high parallel efficiency, it introduces splitting errors that become 
significant in the near-continuum or stiff regimes. 

 
* Corresponding author 
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It is well documented that standard DSMC imposes strict constraints on the numerical parameters: 
the time step t∆  must be smaller than the mean collision time τ [1], and the cell size x∆  must 
resolve the mean free path λ [2]. These constraints are largely consequences of the splitting error. 
Specifically, although the symmetric Strang splitting [3] is formally second-order accurate ( 2( )O t∆ ), 
its accuracy has been observed to degrade to first order ( ( )O t∆ ) when the time step under-resolves the 
collision scale ( t τ∆  ) [4, 5]. This phenomenon, often referred to as "order reduction," indicates that 
the traditional splitting procedure is not Asymptotic-Preserving (AP) with respect to the Navier-Stokes 
limits. In this work, we aim to address this limitation by analyzing the geometric properties of the 
splitting error relative to the hydrodynamic manifold. 

METHOD 

To understand the root cause of the accuracy degradation, we revisit the operator splitting technique 
through a manifold-based analysis of the relaxation dynamics. 

2.1. Slow Manifold Analysis 

We consider the kinetic equation in the stiff limit, where the collision operator drives the 
distribution function towards a local equilibrium (Maxwellian). Geometrically, this equilibrium defines 
a "slow manifold" within the state space. Our analysis examines how the transport and collision substeps 
act on the system state relative to this manifold. 

(i) Resolved Regime: When the time step resolves the relaxation process ( t τ∆ < ), standard Strang 
splitting accurately captures the relaxation dynamics. Crucially, it preserves the asymptotic structure 
associated with the Navier-Stokes manifold, allowing the distribution function to retain the correct non-
equilibrium perturbations required for transport phenomena. 

(ii) Under-resolved Regime: When the time step is large compared to the relaxation time 
( t τ∆  ), the stiff collision substep acts as a stiff projection that forces the distribution function directly 
onto the Euler limit (a perfect Maxwellian). This rapid projection eliminates the exponentially small 
non-equilibrium components essential for viscous stress and heat flux, effectively decoupling the 
solution from the Navier-Stokes slow manifold. This loss of physical structure is the direct cause of the 
order reduction observed in stiff simulations. 

2.2. A Structure-Preserving Splitting Scheme 

Building on this geometric insight, we propose a new splitting scheme designed to be uniformly 
accurate across all regimes. The core idea is to modify the splitting sequence to ensure the solution state 
is correctly projected onto (or remains close to) the slow manifold after the complete time step, even 
when t τ∆  . 

The proposed scheme preserves the modularity of classical operator splitting and retains the ease 
of implementation in existing DSMC codes. Specifically, we modify only the collision substep by 
adopting an implicit midpoint scheme, which allows the method to maintain symmetry even in stiff 
scenarios. This new approach maintains second-order accuracy in the coarse-resolution regime where 
standard Strang splitting typically degrades. The schematic of the proposed algorithm is illustrated in 
Figure 1. 
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Figure 1: Schematic of the proposed splitting scheme. Adapted from our previous work [4]. 

2.3. Implementation in a Fokker-Planck Solver  

The MSP method adopts a symmetric Strang operator-splitting framework, advancing the particle 
system through a sequence of half-step transport, collision relaxation, and a final half-step transport. 
The core innovation lies in the collision substep, which replaces the binary scattering integral with a 
continuous drift-diffusion process governed by the Langevin equation. To address numerical stiffness, 
this stochastic process is discretized using an implicit midpoint scheme at the moment level, ensuring 
exact conservation and asymptotic consistency without iterative overhead. For detailed numerical 
implementation and specific parameters for monatomic and diatomic gases, we refer the reader to [6, 7]. 

RESULTS AND DISCUSSION 

We evaluated the performance of the MSP method using the 70-degree blunted cone geometry 
derived from the SR3 low-density wind tunnel experiments [8] (see Fig. 2), simulated at a 30-degree 
angle of attack. Focusing on a comparative analysis between numerical schemes, we benchmarked the 
MSP method against the standard DSMC method (utilizing classical Strang splitting) across a wide 
range of time-step sizes.  

The results demonstrate a critical improvement: the standard DSMC solution exhibits significant 
sensitivity to the time step, with surface heat flux deviating rapidly as time step increases beyond the 
mean collision time. In contrast, the MSP method maintains consistent accuracy even with large time 
steps. As shown in Figure 3, the error norm for the MSP method remains bounded and significantly 
lower than that of the standard splitting scheme in the stiff regime. These results confirm that the new 
splitting strategy effectively suppresses the numerical stiffness associated with the collision term, 
allowing for larger time steps without compromising the physical fidelity. 

 

 
Figure 2: Experimental (a) and computational (a) geometries for the SR3 blunted cone test case. Adapted from 
our previous work [6]. 
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Figure 3: Sensitivity of the surface heat transfer coefficient to the global time step in the SR3 low-density wind-
tunnel condition at 𝛼𝛼 = 30∘. Left: DSMC. Right: MSP. Adapted from our previous work [6]. 
 

CONCLUSION 

This work presents a novel operator-splitting framework for stochastic particle methods, grounded 
in the analysis of slow manifolds in kinetic theory. By correcting the splitting error that drives the 
solution off the hydrodynamic manifold, our proposed scheme achieves uniform second-order accuracy 
from the kinetic to the hydrodynamic regimes. The successful application to the Fokker-Planck model 
for diatomic gases in the SR3 benchmark highlights the potential of the MSP method as a robust tool 
for multiscale simulations of high-speed nonequilibrium flows. 

References and Citations 

[1] Hadjiconstantinou, N.G. (2000). Analysis of discretization in the direct simulation Monte Carlo. 
Physics of Fluids, 12(10). 

[2] Alexander, F.J., A.L. Garcia, and B.J. Alder. (1998). Cell size dependence of transport coefficients 
in stochastic particle algorithms. Physics of Fluids, 10(6): p. 1540-1542. 

[3] Strang, G. (1968). On the construction and comparison of difference schemes. SIAM Journal on 
Numerical Analysis, 1968. 5(3): p. 506-517. 

[4] Jin, S. (1995). Runge-Kutta methods for hyperbolic conservation laws with stiff relaxation terms. 
Journal of Computational Physics, 122(1): p. 51-67. 

[5] Sportisse, B. (2000). An Analysis of Operator Splitting Techniques in the Stiff Case. Journal of 
Computational Physics, 161(1): p. 140-168. 

[6] Cui, Z., et al. (2026). A multiscale stochastic particle method based on the Fokker-Planck model for 
diatomic gas flows. Computer Physics Communications, 319. 

[7] Cui, Z., et al. (2025). A multiscale stochastic particle method based on the Fokker-Planck model for 
nonequilibrium gas flows. Journal of Computational Physics, 520. 

[8] Allegre, J., D. Bisch, and J.C. Lengrand. (1997). Experimental Rarefied Heat Transfer at Hypersonic 
Conditions over 70-Degree Blunted Cone. Journal of Spacecraft and Rockets, 34(6): p. 724-728. 

10



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

NEGF26-677751

A semi-Lagrangian method for the polyatomic ESBGK model and its
comparison to DSMC

Klaas Willems*1,2, Erik Arlemark3, Giovanni Samaey1, Axel Klar2,
1Department of Computer Science Celestijnenlaan 200 A box 2402 3001 Leuven, Belgium

klaas.willems@kuleuven.be, giovanni.samaey@kuleuven.be
2RPTU Kaiserslautern-Landau Gottlieb-Daimler-Straße 48 67663 Kaiserslautern

klar@rptu.de
3ASML

erik.arlemark@asml.com

KEY WORDS

BGK model, deterministic method, discrete velocity method

ABSTRACT

We present a new semi-Lagrangian scheme for the polyatomic Ellipsoidal Statistical BGK (ESBGK)
model of the Boltzmann equation. The polyatomic ESBGK model [1] describes molecular collisions as
a relaxation towards a generalized Gaussian distribution with an anisotropic covariance matrix and an
exponentially decaying internal energy distribution. The semi-Lagrangian framework [2], being deter-
ministic and grid-based, removes the time-step restriction associated with the linear transport term by
following the method of characteristics. The potentially stiff relaxation term is treated using an implicit
A-stable linear multistep method which, owing to the structure of the BGK operator, can be reformulated
into a fully explicit time-stepping scheme. This yields a highly efficient and numerically stable method.
In addition, we propose inflow and outflow boundary conditions suitable for BGK-type kinetic equa-
tions. Several numerical experiments are presented to verify the accuracy and efficiency of the scheme,
and to compare its performance with results obtained from the Direct Simulation Monte Carlo (DSMC)
method.

Introduction and the model

Non-equilibrium gases are encountered in many applications such as hypersonic flows, spacecraft re-
entry problems, micro-electromechanical (MEMS) systems and vacuum technology. In these regimes,
the usual macroscopic constitutive laws break down and a kinetic description of the gas is required. The
fundamental equation describing a rarefied gas is the Boltzmann equation, which governs the evolution
of the distribution of monoatomic particles f(t, x, v) with x, v ∈ R3. Since the Boltzmann equation has

* Corresponding author
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a relatively complex form, simplified models such as the BGK equation have been introduced,

∂f

∂t
+ v · ∇xf = Q(f) (1)

In the BGK equation, collisions (Q(f) in (1)) are modeled by a relaxation towards the local thermody-
namic equilibrium

QBGK =
p

µ

[
ρ

(2πT )3/2
exp

(
−|U − v|2

2RsT

)
− f

]
, (2)

with ρ, U and T the density, mean velocity and temperature of the gas, and Rs the gas constant. It is well
known that this model cannot recover realistic Prandtl numbers. As a solution, the Maxwellian distribu-
tion in (2) can be replaced by a Gaussian, which yields the so-called Ellipsoidal Symmetric BGK model
(ESBGK) [5]. In [1], the ESBGK model was extended to polyatomic gases. Now, the internal energy
is an additional independent parameter I ∈ R+, such that f(t, x, v, I). In this case, BGK relaxation
operator looks like

QpESBGK =
p

µ(1− ν + θν)

[
ρΛs

det(2πT)
1
2RsT

δ/2
rel

exp

(
−1

2
(v − U)TT−1(v − U)− Iδ/2

RsTrel

)
− f

]
,

(3)

with p the pressure, Λs a normalization constant, µ the dynamic viscosity, Trel the relaxation temperature,
δ the additional degrees of freedom of a polyatomic gas and the corrected tensor

T = (1− θ) ((1− ν)RsTtrId + νΘ) + θRsTeqId. (4)

The quantities Ttr, Teq and Θ are the translational temperature, equilibrium temperature and the pressure
tensor. The parameters θ and ν are used to set the Prandtl number and second-viscosity coefficient.
Although DSMC-type methods for the polyatomic ESBGK model exist, they can suffer from excessive
noise, especially in low-Mach flows, and can be computationally unfeasible for transient flows. Alterna-
tively, grid-based deterministic methods can be used. These methods do not suffer from statistical noise,
and trivially allow for transient simulations. In this manuscript, we will introduce a deterministic method,
known as a semi-Lagrangian method, for polyatomic ESBGK model.

A semi-Lagrangian method for the polyatomic ESBGK model

In the semi-Lagrangian framework[2], the kinetic equation is written in Lagrangian form,

df

dt
= QpESBGK (5)

ẋ = v. (6)

We discretise space on a uniform grid with spacing ∆x. Velocity space is truncated to [−vmax, vmax]3
and uniformly discretised using grid spacing ∆v. Due to the stiff nature of QpESBGK for low Knudsen
numbers, we use an implicit first-order time integration routine for (5). Equation (6) is solved using
the method of characteristics. If we denote fni,j as an approximation for f(tn, xi, vj), the full first-order
scheme looks like

f̃nij = f(tn, xi − vj∆t, vj) (7)

fn+1
ij = f̃nij +∆tQpESBGK(fn+1

ij ). (8)

Equation (7), requires interpolation of the function at the previous time step. This is performed using a
bilinear or a bicubic interpolation routine. Equation (8), implies a nonlinear system solve sinceQpESBGK

2
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nonlinearly depends on the temperature Tn+1
rel , mean velocity Un+1 and corrected tensor Tn+1 (4). We

extend the mathematical trick from [2, 4] for the ESBGK model to make the computation explicit. First,
by multiplying (8) with (1, v, |v|

2

2 ) and then integrating with respect to v, we obtain that

ρn+1
i = ρ̃i, Un+1

i = Ũi, Tn+1
eq,i = T̃eq,i, (9)

where the values with a tilde are the macroscopic quantities of f̃nij . In a similar manner, by multiplying
(8) by v ⊗ v and I2/δ, the corrected tensor and relative temperature can be obtained explicitly,

Tn+1
int,i =

(
T̃int,i + θ τn+1

i ∆tTn+1
eq,i

)
/
(
1.0 + θ τn+1

i ∆t
)

(10)

Tn+1 = I3

[
(1− θ)

(
(1− ν)Rs T

n+1
tr,i + νn+1

i Rsτ
n+1
i ∆t

(
(1− ν)Tn+1

tr,i + θ Tn+1
eq,i

))
+ θRsT

n+1
eq,i

]

+ (1− θ)νn+1
i

(
Σ̃i

ρn+1
i

− Un+1
i ⊗ Un+1

i

)
, (11)

with

τn+1
i =

pn+1

µ (1− ν + θν)
, νn+1

i =
ν

1 + ∆tτn+1
i (1− (1− θ)ν)

. (12)

Now, the Gaussian inside (8) can be computed explicitly, and the equation can be trivially solved for
fn+1
ij . We thus have a scheme that is explicit in time, but has the stability properties of an implicit

scheme. This first-order method presented here was extended to a second-order. We restrict ourselves to
2D simulations. To this end, we use a Chu-reduction[3][1] on the I variable and the third component of
the microscopic velocity vector to drastically reduce the dimension of the equation.

Inflow boundary conditions

For the simulations below we require inflow and outflow boundary conditions. We assume we have a
pressure and temperature known at the inlet, and only a pressure known at the outlet. We define a normal
vector n pointing from the boundary inside the domain. Then, we impose a boundary condition only on
the characteristics that enter the domain like so

f̃nij =

{
f(tn, xi − vj∆t, vj), vj · n < 0

M(ρw, Uw, Tw), else.
(13)

We assume the flow entering the domain is in thermodynamic equilibrium where M(ρw, Uw, Tw) is a
Maxwellian distribution with density, mean velocity and temperature determined by a boundary routine
for the Euler equations[6].

Poiseuille flow test case

We test the numerical method and model on a Poiseuille flow between two infinitely long parallel
plates[6]. We choose a channel length of 1mm and a channel width of 0.1mm. The gas is Hydrogen.
We discretise the domain using a 400 by 40 Cartesian grid. The ambient temperature is set to 300K.
We choose the pressure at the inlet and outlet to obtain a flow in continuum regime, slip flow regime
and transition regime. We plot the velocity along the centreline of the channel using a second-order
semi-Lagrangian scheme for the polyatomic ESBGK equation, an analytical result with first-order slip

3
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boundary conditions for the Navier-Stokes equation, polyatomic DSMC and a numerical solution to the
Navier-Stokes equation obtained with starccm software. The results are plotted in figure 1. As expected,
the result for the polyatomic BGK equation is very close to the result for Navier-Stokes for the flow
in continuum regime. As we increase the Knudsen number, we observe a discrepancy with the DSMC
simulation, which remains reasonable given the model approximation.

(a) Kn = 6× 10−3 (b) Kn = 6× 10−2 (c) Kn = 6× 10−1

Figure 1: Velocity along the centreline of the channel.

Outlook

In the upcoming months, we intend to carry out additional Poiseuille flow simulations with faster flows,
Fourier (heat transfer) simulations, and simulations with moving boundaries. Our intent is to both com-
pare the polyatomic ESBGK model with polyatomic DSMC simulations, and to show the strengths and
weaknesses of the semi-Lagrangian method.
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ABSTRACT 

Pneumatic artificial micro-muscles (PAµMs) offer large strain, low weight, and compliant 

actuation, making them attractive for microscale devices [1,2]. Emerging work has focused on negative-

pressure actuation, which allows PAµMs to operate efficiently at small pressure differentials while 

enabling compact, safe, and lightweight designs [3–5]. This approach supports the development of fully 

integrated microsystems, in which compact pressure generation replaces external hardware, enabling 

autonomous soft actuators to be embedded in multifunctional platforms for mobility, manipulation, and 

adaptive structures. 

Knudsen micropumps (KµPs) generate gas flow by thermal transpiration in rarefied regimes, 

without moving parts, and are compatible with microfabrication techniques [6,7]. Their performance 

depends strongly on microchannel geometry and architecture [8–10]. A configuration consisting of 

multiple parallel microchannels connected to a macrochannel enables scalable mass flowrate while 

maintaining structural simplicity [11]. Thus, integrating a KµP with a PAµM has the potential to create 

a compact, self-contained microsystem where thermal energy is converted into mechanical motion. 

This work presents a preliminary theoretical investigation of a coupled microsystem in which a 

single-stage Knudsen pump, composed of n parallel microchannels connected to a macrochannel, 

actuates an artificial micro-muscle. Emphasis is placed on understanding how the number of parallel 

microchannels influences the system response, particularly the contraction dynamics. The system is 

operated with atmospheric outlet conditions; therefore, the inlet pressure of the KµP is approximately 

100 kPa. Thermal-transpiration-driven flow creates a pressure drop inside the PAµM, resulting in its 

contraction. For the selected geometry, both the microchannel flow and the counterflow within the 

macrochannel are assumed to experience negligible viscous losses. Microchannels are cylindrical 

(radius r, length L); the macrochannel has radius R and length L. Air is used as the working gas. This 

architecture supports both rarefaction-induced pressure generation and sufficient volumetric flow to 

enable soft actuation. 
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Geometry Configuration of the Microsystem 

The microsystem consists of n parallel microchannels connected to a single macrochannel, all 

having equal length. The pump inlet is connected to a deformable PAµM cavity with variable internal 

volume inV , while a fixed dead volume sV  accounts for non-collapsible regions (Fig. 1). 

 

 
Figure 1 Schematic of the coupled microsystem showing parallel microchannels connected to a 

macrochannel, driving pressure reduction in a PAµM with dead volume. 

Analytical Model 

The system dynamics is governed by mass conservation and the ideal gas law: 

( )
gR TdP

m
dt V t

= −   (1) 

where m  is the mass flowrate delivered by the Knudsen pump, and ( ) ( )in sV t V t V= + . 

The deformation of the PAµM is linked to the internal volume reduction, assuming axisymmetric 

contraction. The contraction ratio is defined as: 

( )
( )

0

V t
e t

V


=   (2) 

The coupled system—gas flow, pressure evolution, and cavity deformation—is solved numerically 

until steady state is reached. 

 

Simulation Results 

 

Characteristic Curves of the Knudsen Pump 

Built on the kinetic model reported in [6,9], the characteristic curves are obtained by prescribing 

the inlet pressure iP  and sweeping the mass flowrate m  between two limiting cases. The maximum 

mass flow rate, maxm , is computed under open-system conditions ( o iP P= ), while the maximum 

pressure difference, maxP ,  is obtained under closed-system conditions ( 0m = ). Accordingly, a set 

of mass flowrates max0,[ ]m m  is sampled. For each prescribed value of m , the unified kinetic 

pressure-evolution equation is integrated once along the axial coordinate z, without nested iterations. 
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This yields the outlet pressure oP  and, consequently, the pressure difference o iP P P = − . The 

resulting pairs ( ,m P ) define the characteristic curve of the Knudsen pump. 

Figure 2 shows mass flowrate versus pressure difference for several values of n for a Knudsen 

pump characterized by r = 5 μm, R = 100 μm and L = 50 μm. The curves are linear with identical 

intercepts, demonstrating that (1) increasing n increases the mass flowrate (slope), and (2) the maximum 

pressure difference, maxP , is independent of n. 

This trend reflects thermal transpiration physics and macrochannel back-pressure constraints. 

 

 
Figure 2 Simulated characteristic curves of Knudsen pump: mass flowrate versus pressure 

difference for different numbers of microchannels n. Left: flowrate through one of the parallel 

microtubes; right: total mass flow rate through all microtubes. 

 

Transient Contraction of the Artificial Muscle 

Experimental characterization of three-bellows mini-muscles (bellows length mini 3 mmL = , 

bellows radius 4.44 mm minir = , membrane thickness 0.57 mmd = ) revealed an approximately linear 

relationship between contraction ratio and pressure difference (Fig. 3). These mini-muscles share the 

same geometric configuration as the simulated micro-muscles (bellows length 254.56 μmmicroL = , 

bellows radius 360 μmmicror = ) . This linear relationship is therefore adopted to model the response of 

the coupled system. 

 

 
Figure 3 (a) Test on mini-muscles actuated by negative pressure. (b) Relationship between contraction 

ratio and applied pressure difference, where blue diamonds denote experimental data and the red line 

represents the linear fitting curve. 

 

Figure 4 shows the time evolution of contraction ratio e for different values of n. The final 

contraction ratio maxe  is identical for all configurations, determined exclusively by maxP  and initial 

cavity volume. Response time decreases significantly with increasing n, due to higher outflow rates. 
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Figure 4 Transient contraction ratio versus time for various n values, showing identical saturation but 

reduced response times with increasing n. 

Discussion 

Channel parallelization in the Knudsen pump provides a straightforward means to increase mass 

flowrate without altering the maximum pressure difference. As a result, the final contraction amplitude 

of the artificial micro-muscle remains unchanged, but the time required to reach steady-state decreases 

significantly with increasing channel number. This highlights a useful design strategy: actuation speed 

could be tuned by actuating the appropriate number of microchannels with an independent local heating. 

The coupled pneumatic–mechanical system behaves predictably due to the near-linear relation 

between pressure and contraction, enabling simplified modeling and design. However, performance 

remains sensitive to system parameters such as internal volume and geometric configuration. 

Conclusions and Perspectives 

This work demonstrates that coupling a Knudsen micropump with a soft artificial micro-muscle 

enables compact actuation driven by thermal energy. The key insight is that channel parallelization 

increases actuation speed while maintaining identical final contraction, offering an efficient route to 

improve dynamic performance. 

Future efforts should focus on experimental validation, refinement of mechanical models, and 

evaluation of thermal management strategies. Exploring multi-stage architectures and system-level 

integration could further expand capability and support autonomous microscale robotic applications. 
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ABSTRACT

   This study of nonequilibrium flows featuring novel and diverse nonclassical effects continues  our 

previous research [1] on a monatomic gas.  Specifically, it was demonstrated that in these flows, the 

heat flux vector can oppose the direction predicted by Fourier's law, enabling anomalous heat transfer 

from cold to hot regions. Currently, we have performed a series of direct Monte Carlo simulations for

a diatomic gas using the SMILE++ software system [2].

   This problem models a supersonic flow passing through a grid composed of infinite cylindrical 

bars with a square cross-section. The centerlines of the bars are equidistant and coplanar. The analysis 

employs  a  two-dimensional  plane formulation.  The  flow,  directed  from  left to  right  with  its  velocity 

vector normal to the grid plane, is aligned such that one side of the square cross-section is perpendicular 

to the flow direction. The solution is assumed to be periodic over the grid's spatial period. To reduce 

computational cost, the solution domain is restricted to a half-period, with symmetry conditions applied 

at the upper and lower boundaries.

   According to previous calculations for monatomic gases, nonequilibrium distributions behind high-

permeability  grids  (with  a  permeability  of  0.9  or  higher)  should  exhibit  anomalous  heat

transfer,  characterized by the heat flux and the downstream temperature  gradient sharing the same sign.

In  the  present  study,  a  supersonic  equilibrium  flow  at  Mach  number  M  =  4  encounters  a  grid  at  a
Knudsen number of  Kn = 2  (defined based on the wire diameter of the grid). This interaction generates

a  nonequilibrium  flow  downstream  of  the  high-permeability  grid.  Calculations  for  a  diatomic  gas
confirm the presence of anomalous heat transfer within this supersonic nonequilibrium region. A field

representing  the  parameter  characterizing  this  effect  is  presented  in  Figure  1.  Positive  values  of  this

parameter  indicate  a  deviation  from  Fourier's  law.  The  anomalous  heat  transfer  is  particularly

pronounced near the symmetry plane at  y = 5, as evidenced by the extensive red region corresponding
to high positive parameter values.  
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Figure 1: Field of cos(q, grad(Tov)), where Tov and q are total (translational-rotational) temperature and heat flux 

respectively.  
 

 The main points of comparison is related to presentation of the temperature profiles in Figure 2, the 

heat flux profiles in Figure 3 and the density profile in Figure 4 behind the membrane (grid) and further 

downstream.  

 
 

Figure 2: Profiles of the translational (tr), rotational (rot) and overall (ov) temperatures.  
 

 
 

Figure 3: Profiles of the translational (x, tr), rotational (x, rot) and overall (x) x-component of the heat flux.  
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Figure 4: Profile of the gas density.  

 

 

 Several key properties can be observed in Figures 2-4. The profiles of macroscopic quantities along 

the x-coordinate are presented for the line y = 5. This line corresponds to the axis of symmetry between 

the grid rods in the cross-sectional plane. Notably, the overall temperature gradient and the total heat 

flux share the same sign. The membrane (grid) is positioned at x = 0. Downstream of the grid, the 

temperature initially rises due to the interaction between gas molecules and the grid molecules, and 

subsequently decreases further along the flow. The heat flux remains negative until it reaches zero at the 

equilibrium region downstream. The rotational temperature (Trot) gradient and the heat flux (qx, rot) 

exhibit classical spatial behavior, characterized by their identical signs.  

 Current theoretical and numerical research is being supplemented by experimental investigations 

of anomalous transport phenomena at Novosibirsk State University. Initial experimental results confirm, 

at minimum, the predicted behavior of nonequilibrium rotational states downstream of the grid. 

 Potential applications of the effects observed in numerical simulations are also discussed.  
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ABSTRACT 

The goal of this experimental study is to characterize the water flow induced by a DC discharge 

ignited between the water surface and a needle located a few millimeters above it. Firstly, we 

highlighted that two discharge regimes can be observed: a corona-like discharge with current from a 

few µA to a few dozen of µA, and a glow discharge with current of several mA. Secondly, particle 

image velocimetry (PIV) measurements allowed us to precisely characterize the liquid flow, that 

results in the formation of two symmetric and counter-rotating vortices.  In the case of a normal-glow 

discharge, it seems that the water flow is due to two electrohydrodynamic (EHD) forces: a surface 

force due to the repulsion of charges at the surface, and an upward force in the liquid due to the 

migration of opposite charges from the bulk of the liquid. Moreover, we highlighted that the velocity 

(of a few cm/s) and the topology of the flow depend on the voltage polarity, the water conductivity and 

on its surface tension. In the case of a corona-like discharge, there is still a significant water flow, even 

for current of a few µA. In this case, a third phenomenon can be at the origin of the liquid flow: the 

shear stress due to the ionic wind induced in the air, between the needle tip and the water surface. 

INTRODUCTION 

The interactions between a cold plasma and a liquid are very complex but very important to study 

due to various applications in agriculture, biology, nanomaterial synthesis, and water treatment. 

However, because of the slow diffusion of reactive species in the liquid phase, the flow induced by the 

discharge in the liquid can play a key role in transporting species into the solution [1]. Therefore, it is 

imperative to analyse the flow in detail to control the plasma-liquid processes effectively. In this 

context, for a few years, we have been investigating the liquid flow induced by three different types of 

cold plasmas in contact with water. The first investigated cold plasma is a helium plasma jet [2]. The 

second one is a dielectric barrier discharge ignited between a needle placed a few millimetres above 

the liquid and a grounded electrode below the vessel containing the water [3]. The third type of 

discharge we have been investigating for a few years is ignited by applying a DC voltage between a 

needle placed a few millimetres above the surface of the liquid to be treated and a grounded electrode 

immersed inside the liquid [4]. In this presentation, we will focus on the flow induced by DC 

discharges, but we will also present a few results with AC discharges and with an helium plasma jet. In 

the case of a DC discharge, two main different discharge regimes can be observed when the voltage is 

increased: a corona regime (maximum currents of a few dozen µA) and a  glow one (current up to 

10 mA).  
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During the oral presentation, we will firstly present the flow induced in the water in the case of a 

glow discharge (current set at 3.8 mA). We will highlight that the high voltage polarity plays a key 

role in the flow topology. Moreover, we will see that the flow velocity decreases when the water 

conductivity and the superficial tension increase. Secondly, we will discuss the liquid flow in the case 

of a corona-like discharge (mean current between 7 µA and 30 µA). We will show that the flow is 

faster when the voltage is positive and when the gap between the needle tip and the water surface is 

increased because the surface forces are stronger.  

LIQUID FLOW INDUCED BY A GLOW DISCHARGE 

As indicated above, the discharge current was fixed at 3.8 mA for all the PIV measurements, and 

we investigated the effect of the voltage polarity, the water conductivity and the superficial tension of 

the water (the electrical power equals a few W). The water conductivity has been increased in adding 

KCl in water, and the superficial tension has been decreased in adding ethanol. Figure 1 presents the 

time-averaged velocity fields for the two polarities and three different values of water conductivity. 

The background color indicates the velocity modulus and the black arrows the flow direction (they are 

not the velocity vectors as their lengths are constant). The discharge impact is at x = 0, and the water 

surface around y = 21 mm. Several remarks can be made. First, two main phenomena take place: an 

upward flow, located directly beneath the point of discharge impact on the liquid surface, and a 

tangential flow along the water surface, originating from the point of discharge impact on the liquid 

surface and propagating towards the edges of the vessel. Consequently, this results in the formation of 

two counter-rotating vortices in the upper half of the liquid, which in fact correspond to a cross-

sectional view of a single three-dimensional structure: a toroidal vortex ring. Secondly, we can see that 

the flow intensity decreases as the liquid conductivity increases. For instance, for the positive polarity, 

the liquid velocity reaches 60 mm/s for  = 3.4 µS/cm when it is limited to about 35 mm/s for 

 = 800 µS/cm. Third, the water flow velocity is slightly higher with the positive discharge than with 

the negative one. 
 

 
 

Figure 1: Time-averaged velocity fields of the discharge-induced water flow for the two polarities and three 

different values of water conductivity.  
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Figure 3 shows some instantaneous velocity fields at different times, the discharge being switched 

on at t = 0. A few tens of milliseconds after the discharge is applied, the onset of a flow can be 

observed at the water surface. At t = 109 ms, this flow is visible from x = 0 to x = 10 mm. At t = 376 

ms, it reaches the walls of the 300-mm-wide glass container. Two counter-rotating vortices then 

appear. From about 1.5 second, the flow becomes rather steady. 
 

 

 
 

Figure 2: Instantaneous velocity fields at different times (t = 50 ms, 109 ms, 376 ms, 832 ms, 1485 ms and 

4098 ms), the discharge is switched on at t = 0. The discharge is a positive glow. 

 

 

 LIQUID FLOW INDUCED BY A CORONA DISCHARGE 

A second campaign of PIV measurements has been carried out with corona discharges. In this case, 

the electrical power is on the order of 100 mW. The liquid is deionized water with an electrical 

conductivity of about 3 µS/cm. Figure 3 shows the velocity fields of the water flow for the two 

polarities, when the gap equals 4 mm and the current 30 µA. First, we can see that the flow induced by 

the positive corona discharge is more intense than the one produced by the negative one. Furthermore, 

in the case of the positive corona discharge, the flow velocity is significant as it reaches 60 mm/s at the 

water surface and 30 mm/s in the vortices. 

 

 

t = 50 ms t = 109 

ms 

t = 376 ms t = 832 ms 

t = 1485 ms t = 4098 ms 
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Figure 3: Time-averaged velocity fields of the discharge-induced water flow for the two polarities (corona 

discharge, current equal to  30 µA). 
 

CONCLUSION 

This study aimed to characterize the water flow induced by a DC discharge ignited between the 

water surface and a needle located a few millimeters above it. Particle image velocimetry (PIV) 

measurements allowed us to characterize the flow induced in water due to the DC electrical discharge. 

These measurements have revealed a flow characterized by the formation of two counter-rotating 

vortices, resulting from two electrohydrodynamic forces: a surface force due to the repulsion of 

charges at the surface, and an upward force in the liquid due to the migration of opposite charges from 

the bulk of the liquid. Moreover, in the case of a corona-like discharge, a third phenomenon can be at 

the origin of the liquid flow: the shear stress due to the ionic wind induced between the needle tip and 

the water surface. Fortunately, all these phenomena will be precisely explained and discussed during 

the oral presentation. 
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Introduction

In microgeometries, gaseous flows frequently enter rarefied regimes, with the first stage corresponding
to the slip-flow regime [1]. Under typical microfluidic operating conditions, low Mach and Reynolds
numbers justify linearization and the bulk flow is described by the incompressible Stokes equations,

∇ · u = 0, ∇p− F = µ∇2u, (1)

where u denotes the velocity, p the pressure, F an external force, and µ the dynamic viscosity. At a
solid wall with unit normal and tangential vectors (n, t) and prescribed wall velocity Uw, the boundary
conditions consist of impermeability,

(u−Uw) · n = 0, (2)

and a second-order tangential slip condition,

(u−Uw) · t = −C1
λ

µ
n · τ · t− C2

λ2

µ
n · ∂nτ · t, (3)

where λ is the mean free path, τ is the viscous stress tensor with τij = µ(∂jui + ∂iuj), ∂n = n · ∇, and
C1, C2 are the first- and second-order slip coefficients.
The present contribution investigates the lattice Boltzmann method (LBM) modeling [2] of the Stokes
problem (1) subject to the slip boundary conditions (2)–(3). Although the LBM has long been regarded
as a natural computational fluid dynamics (CFD) framework for modeling wall-slip phenomena, it is
now well established that numerical artefacts may severely contaminate the solution if the slip boundary
scheme is not properly designed [3, 4]. Existing approaches often rely on ad hoc calibration procedures,
whose validity is restricted to very specific configurations and which do not provide a general or robust
modeling framework. The objective of this work is therefore twofold: first, to identify the main diffi-
culties underlying the LBM transcription of slip velocity boundary conditions, and second, to propose a
consistent unified boundary scheme capable of accurately enforcing the physical slip model on arbitrarily
discretized walls.
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Lattice Boltzmann formulation

The lattice Boltzmann method [2] describes the space–time evolution of discrete distribution functions
(“populations”) fq(x, t) associated with a discrete velocity set {cq}. Their evolution proceeds through
successive streaming and collision steps on a uniform Cartesian lattice. Here, a two–relaxation–time
(TRT) collision model is adopted, in which the symmetric and anti–symmetric components of the popu-
lations relax independently at rates τ+ and τ−. In lattice units, the LBM-TRT evolution equation reads:

fq(x+ cq, t+ 1)︸ ︷︷ ︸
streaming

= fq(x, t)−
1

τ+
(
f+q − e+q

)
− 1

τ−
(
f−q − e−q

)
+ Sq

︸ ︷︷ ︸
collision

. (4)

Above, f±q = (fq ± fq̄)/2 with cq̄ = −cq, e±q denote the corresponding equilibrium components, and
Sq accounts for the forcing term F. The macroscopic fields are recovered from velocity moments as

c−2
s p =

∑

q

fq, j =
∑

q

cqfq +
1
2F, (5)

where j = ρ0u and ρ0 ∈ R+ is an arbitrary reference density. The lattice sound speed cs is a free
parameter constrained by stability requirements. The kinematic viscosity ν = µ/ρ0 is set by τ+ as
ν = 1

3(τ
+ − 1

2), while τ− controls numerical characteristics without affecting the hydrodynamic limit.

Boundary condition closure relation and operation principles

A central difficulty in LBM concerns the prescription of boundary conditions [2]: the unknown incoming
populations fq(xb) at boundary nodes must be reconstructed so that the intended macroscopic boundary
behavior is recovered. This task is complicated by the fact that lattice nodes generally do not coincide
with the physical wall location, so that the boundary condition must be enforced in a Taylor-series sense
around the boundary node. Considering a lattice node at xb and a wall at xw, a second-order Taylor
expansion of the slip boundary condition projected onto lattice space reads [3]:

jq(xb) + α+
q ∂qjq(xb) + α−

q ∂
2
q jq(xb) = jwallq (xw),

α+
q = δq + C1λq, α−

q =
δ2q
2 + C1λqδq + C2λ2q ,

δq =
(xw − xb) · cq

∥cq∥2
, λq =

λ

cq · n
.

(6)

Equation (6) provides the fundamental consistency condition to recover the second-order slip model with
parabolic accuracy and may be implemented through either a link-wise or a wet-node strategy (Fig. 1).

rb
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→ cq
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Figure 1: LBM modeling of solid walls in a D2Q9 lattice: link-wise vs. wet-node operation principles.
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In the link-wise approach, the unknown incoming population associated with a given lattice direction
is reconstructed independently along each boundary link, using only known populations belonging to
the same link, possibly involving neighboring nodes. This directional construction leads to simple and
robust formulations, exemplified by the bounce-back (BB) and multireflection (MR) schemes [3], but
offers limited flexibility to prescribe boundary conditions with different mathematical character in the
normal and tangential directions, as required by Eqs. (2)–(3).
In contrast, the wet-node approach reconstructs all unknown boundary populations simultaneously at the
boundary node from local equilibrium and non-equilibrium moments associated with different lattice
directions. This node-based reconstruction naturally accommodates directional information and deriva-
tive constraints, allowing an independent enforcement of impermeability and tangential slip conditions.
Representative examples of this philosophy include the local second-order boundary (LSOB) scheme [4]
and the non-equilibrium bounce-back (NEBB) method. This advantage comes at the price of a more
elaborate formulation and implementation, and of a delicate consistency requirement to ensure that the
reconstructed boundary solution remains fully compatible with the discrete bulk dynamics.
The present work proposes a unified boundary strategy based on the observation that the slip velocity
condition is of Robin type and may be decomposed into Dirichlet and Neumann contributions as follows:

jn − jwalln = 0, (7a)

jt − jwallt = 0︸ ︷︷ ︸
Dirichlet-type condition

+

(
−C1 λ

(
∂jt
∂n

+
∂jn
∂t

)
− C2 λ2

∂

∂n

(
∂jt
∂n

+
∂jn
∂t

))

︸ ︷︷ ︸
Neumann-type condition

. (7b)

Translated into the LBM algorithm, Eqs. (7) are implemented by combining a multireflection [3] link-
wise scheme for the Dirichlet contribution with a wet-node LSOB [4] correction for the Neumann contri-
bution. This hybrid strategy exploits the complementary strengths of both approaches, yielding a Robin
type boundary scheme that is consistent with the second-order slip model and parabolically accurate.

Numerical validation

The performance of the proposed unified slip boundary strategy was assessed in several channel-like
configurations, from which two classical benchmark cases are reported here.
First, a second–order slip Poiseuille flow in an inclined two–dimensional channel, not aligned with the
underlying lattice, is considered, as shown in Fig. 2. This configuration provides a stringent test of bound-
ary consistency in the presence of geometric non-alignment. The proposed parabolically accurate slip
boundary conditions enable the LBM to recover the analytical parabolic velocity profile with machine
precision over all mesh refinements.
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Figure 2: Second-order slip Poiseuille flow in an inclined planar channel: LBM discretization (left) and
velocity profiles (right), illustrating machine-precision agreement with the analytical solution.
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Second, a second-order slip circular Couette flow in a curved two–dimensional channel is considered, as
shown in Fig. 3. For a very coarse grid resolution of only 10 lattice nodes across the gap, the proposed
scheme reproduces the analytical solution with mean relative errors below 10−4 over the full range
of parameters considered, demonstrating its ability to accurately resolve curved boundaries and strong
geometric non-alignment within a parabolically consistent slip formulation.
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Figure 3: Second-order slip Couette flow in a curved channel: LBM discretization (left) and velocity
profiles (right), obtained with only 10 lattice nodes across the annular gap, with average relative error
below 10−4.

Conclusions

In this work, a unified boundary scheme is proposed to address the long-standing consistency issues
arising in lattice Boltzmann modeling of slip flows on non–mesh-aligned and curved boundaries. By
combining link-wise and wet-node operation principles within a single closure framework, the method
enables an accurate enforcement of impermeability and second-order tangential slip with parabolic accu-
racy on arbitrarily discretized walls.
Numerical tests in inclined planar and curved channel configurations confirm the performance of the
proposed formulation. The inclined Poiseuille benchmark is recovered with machine precision despite
the non–mesh-aligned geometry, while the circular Couette case achieves errors below 10−4 even with
only 10 lattice nodes across the gap, providing a clear validation of the feasibility and high accuracy of
the proposed scheme for lattice Boltzmann simulations of slip flows in complex geometries.
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ABSTRACT

Conventional particle-based methods for simulating rarefied gas flows, such as Direct Simula-
tion Monte Carlo (DSMC), become prohibitively expensive in the near-continuum regime due
to high collision rates. Despite their accuracy across a broad range of Knudsen numbers, gener-
alizing continuum models such as the Navier-Stokes-Fourier (NSF) system become an appealing
alternative given the much less computational cost and the deterministic nature, especially in
transitional flows where the Knudsen number drastically varies.

Considerable efforts have been made to extend continuum models to broader flow regimes.
There exist two approaches. First, the NSF system is directly extended by adding higher order
derivatives and tensors. But no new variables and equations are introduced. For instance, the
super-/Burnett equations keep higher order terms in the Chapman-Enskog expansion. The other
approach is moment equations, of which the most famous example is the Grad’s 13-moment equa-
tions. However, both approaches require truncations to close their equations and have achieved
limited practical success. This is also known as the closure problem in generalizing continuum
models.

In the era of data, we address the closure problem with the aid of machine learning. Following the
Chapman–Enskog expansion, the conservation laws are decomposed into the NSF component
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and a residual term encompassing all higher order terms as

∂ρ

∂t
+

∂ρuj
∂xj

= 0, (1)

∂ρui
∂t

+
∂ρuiuj
∂xj

+
∂p

∂xi
+

∂σ
(1)
ij

∂xj
=

{
−
∂σ

(2)
ij

∂xj
+ · · ·

}
= Fi, (2)

∂ρE

∂t
+

∂ρEuj
∂xj

+
∂ (puj)

∂xj
+

∂
(
uiσ

(1)
ij + q

(1)
j

)

∂xj
=



−

∂
(
uiσ

(2)
ij + q

(2)
j

)

∂xj
+ · · ·



 = G, (3)

or more concisely,
M(U) = Sres (4)

with U = (ρ, ρui, ρE)T the vector of conserved variable and Sres = (0,Fi,G) the model residuals.
For a given point x∗ in space, we assume there exists an unambiguous mapping from the local
flow pattern around that point to the model residuals and thus the model can be closed. To
quantify the local flow pattern, we propose the non-linear super-stencil (NLSS) [1] as shown
in Fig. 1, which is a compact stencil aligned with the velocity u∗. The width of the stencil is
proportional to the local mean free path length λ∗. The local flow quantities are transformed and
normalized in order to exploit the Galilean invariance of the NSF equations. These quantities
are

ρ̂ =
ρ

ρ∗
, T̂ =

T

T ∗ , û =
RT (u− u∗)

c∗
, σ̂(1) =

RTσ(1)R

ρ∗c∗2
and q̂(1) =

RTq(1)

ρ∗c∗3
, (5)

where R is the rotational matrix to align the local stencil coordinates with u∗ and c∗ is the
speed of sound.
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Figure 1: Illustration of the non-linear super-stencil. The orange circles are stencil centers where
the flow quantities are denoted with superscript *. The local coordinates of the stencil points
are given the equations on the right.

RESULTS

We demonstrate the NLSS framework on planar channel flow shown in Fig.2. For the wall
boundary conditions, a second neural network is trained to predict velocity and temperature
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slips. After training on a limited dataset spanning a range of only Mach and Knudsen numbers
with fixed wall temperatures Tw = 273 K, the NSF+NLSS system accurately predicts macro-
scopic flow behavior and wall slips in unseen conditions. Fig. presents two flow conditions that
are outside the training dataset and compares the results against DSMC.
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Figure 2: Planar channel flow: the flow is driven by a constant external force F . ρ0 denotes the
constant initial density.

case 1: Kn=0.087, Ma=1.85 case 2: Kn=0.095, Ma=2.05, Tw,l = 280K, Tw,r = 300K
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Figure 3: Results are drastically improved with NSF+NLSS compared agains DSMC.
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INTRODUCTION

The thermophoretic force may be an effective mechanism to control the dynamics of micron-sized par-
ticles in high-tech mechanical systems under low pressure conditions [1]. This force occurs when a par-
ticle is placed within a temperature gradient, typically opposite to this temperature gradient. Theoretical
expressions for the thermophoretic force for spherical particles in the continuum and free molecular limit
have been obtained by Epstein [2] and Waldmann et al. [3], respectively. For the transition regime inter-
polation functions were introduced by Talbot et al. [4]. These functions, based on limited experimental
data, recover the correct continuum and free molecular limits for the thermophoretic force. Beresnev et al.
[5] proposed numerical solutions based on more reliable kinetic model equations. Young [6] performed
a review of existing methods to solve the Boltzmann equation to obtain the thermophoretic force, includ-
ing one based on the Grad’s 13 moment equations (G13). To improve the G13 results, a Millikan-type
interpolation factor was included to give an approximate analytical expression for the thermophoretic
force for all Knudsen numbers [6]. More recently, advances have been made by regularizing the G13
moment equations, known as the R13 equations [7], which are more accurate in the transition regime.
Padrino et al. [8] applied R13 equations to study the thermophoretic force on spherical particles. Most
of these methods are only valid for a limited rarefaction range and/or for small temperature gradients. In
this research, we want to create a complete picture of the thermophoretic force in the transition regime
and free molecular regime, including a large variety of gas and particle properties, that goes beyond the
limitations of the literature results.

METHODOLOGY

We measure the thermophoretic force on a micron-sized particle using an in-house developed Direct
Simulation Monte Carlo (DSMC) code based on the work of Bird [9]. A particle is placed in a Fourier
setup, with two plates at a distance L from each other, at a temperature of T1 and T2, respectively,
creating a temperature gradient. The two plates are separated by argon gas which is modeled with the
variable hard-sphere (VHS) model. Changing the particle size, gas pressure, and temperature gradient,
we evaluated the force in the transition regime. The Knudsen numberKnR = λ/R, with λ the mean free
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path of the gas andR the radius of the particle is in the range 0.1 < KnR < 20. The thermophoretic force
is obtained by particle-surface interaction using a raytracing collision method [11]. The force exerted by
the gas on the particle surface, evaluated through momentum exchange between the gas molecules and
the particle, is compared with analytical expressions [4, 6] and numerical results [5]. Fig.1 shows the
results obtained for spherical particles with different accommodation coefficients: fully diffuse, specular
or adiabatic. We consider two cases, one with ∇T = 100K/m and KnL = 0.01, and one with ∇T =
300K/m and KnL = 0.05, with KnL = λ/L.

0.05 0.10 0.50 1 5 10
0.0

0.5

1.0

1.5

2.0

Figure 1: Thermophoretic force FT normalized by the free molecular thermophoretic force as found
by Waldmann [3], as function of the Knudsen number KnR for a diffuse (red), specular (blue) and
adiabatic (yellow) spherical particle for two different temperature gradients, ∇T = 100K/m (upward
triangle, square and circle) and ∇T = 300K/m (circle, hexagon and star). The error bars represent
twice the standard deviation of the mean (around 5.4×105 samples are used). For a part of the data, these
error bars fall within the symbols. Beresnev’s results [5] for a diffuse, specular and adiabatic particle are
shown by the cross shaped symbols. The analytical expressions for the thermophoretic force as obtained
by Talbot [4] and Young [6] are shown in dashed and solid lines.

RESULTS AND ALTERNATIVE APPROACH

The results for the diffuse interaction show the best agreement with Beresnev for ∇T = 100K/m,
although the DSMC results give slightly higher forces in the transition regime, and are in satisfac-
tory agreement with Talbot and Young. For specular interaction, we see similar agreement between our
results and those of Beresnev and Young, while Talbot predicts zero force for this case. For the adiabatic
interaction, our results agree with Beresnev, although the difference in the force obtained in the range
0.1 < KnR < 1 is slightly larger than for diffuse and specular interaction. Talbot’s equation is in line
with our DSMC results, while Young’s expression deviates considerably. For ∇T = 300K/m we see a
deviation for 0.25 < KnR < 2 for all three surface interactions, which is probably caused by non-linear
rarefaction effects. The DSMC results for all three surface interactions have a large standard deviation
in the force for KnR ≳ 2. This is caused by the particle size becoming very small and hence a large
reduction in gas-surface collisions, decreasing the amount of cumulated statistics. Given this uncertainty
we want to reduce the standard deviation of the obtained force without significantly increasing the cal-
culation time. When this is achieved, large parameter sweeps over shape, gas-surface interaction models,
and particle conductivity become possible.
A possible strategy to reduce the standard deviation is by reducing the computational time spent on the
fluid region far away from the particle. Our proposal is illustrated in Figure 2. A particle only influences
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the flow and temperature field in its vicinity, which we call the inner region. Outside this region, the
outer region, these fields are almost undisturbed. At the boundary between the inner and outer region
- the surrogate boundary - DSMC molecules are injected by sampling from the local velocity distribu-
tion that represents the local undisturbed field of the Fourier problem. For rarefied conditions, a simple
Maxwellian boundary conditions will not suffice as this is not representative for the local velocity dis-
tribution. Therefore, we implement special boundary conditions based on Grad’s Hermite polynomial
expansion of the molecular velocity distribution function f(x, ξ, t), which is a function of position x,
molecular velocity ξ and time t. The use of the Hermite polynomial expansion as introduced by Grad [12]
allows writing the distribution function as an infinite series of orthogonal Hermite polynomials H(n)

i (ξ),
where n is the order of the Hermite polynomial, in terms of the molecular velocity ξ as:

f(x, ξ, t) = f (0)(x, ξ, t)

∞∑

n=0

3∑

i=1

1

n!
a(n)i (x, t)H

(n)
i (ξ), (1)

where f (0) is the local Maxwellian distribution, a(n)i (x, t) are the expansion coefficients and where the
notation introduced by Grad [13] is used. The coefficients are calculated as:

a(n)i (x, t) =

∫
f(x, ξ, t)H

(n)
i (ξ)dξ. (2)

The polynomial expansion is truncated at order N to obtain an approximation f (N)(x, ξ, t). The coeffi-
cients are obtained by sampling the nth-order moments of a 1D version of the Fourier problem in DSMC.
At the surrogate boundary, DSMC molecules are injected with their velocity sampled from f (N)(x, ξ, t)
using a modified version of the acceptance-rejection method introduced by Garcia et al. [14].
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Figure 2: (a) A 2D sketch of the setup with the reduced domain extent where we will apply the Hermite
based boundary condition. (b) Thermophoretic force on a particle as function of the order N of the
Hermite expansion used as a boundary condition for a volume reduction ratio of four and 32, indicated
by the red triangle and blue square, respectively. The black line with red shaded area is the results of the
full size simulation reference case.

This method is applied to the thermophoretic force simulation of a particle. A typical result is shown in
Figure 2b. This particular case entails an adiabatic particle withKnR = 8.8, placed in a Fourier problem
setup with KnL = 0.05 and ∇T = 300K/m. Two domain reductions have been applied: one with a
factor four in the gradient direction and one with a factor eight in the gradient direction and a factor two
in the other two directions, contributing to a total factor 32 in simulation volume reduction. The simula-
tion time for these configurations decreases by a factor 5.8 and 51, respectively. This reduction is more
than the volume reduction, which is a result of the negligible overhead that these boundary conditions
create and the non-linear scaling for large simulation size. We show the normalized force and its standard
deviation as function of the order N of the expansion, with 3 ≤ N ≤ 18. The force originally obtained
by the full Fourier setup is indicated by the black line and its standard deviation by the red shaded area.
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Satisfactory results are obtained for N ≥ 7, as the forces obtained are within the error margin of the
reference case. This shows that we can effectively use these Hermite expanded boundary conditions to
obtain the thermophoretic force at reduced computational cost.

CONCLUSION

In conclusion, we have shown that we can accurately obtain the thermophoretic force on a spherical
particle in the transition and free-molecular regime with particle-resolved DSMC simulations. We have
also shown that we can effectively speed-up the simulation time by up-to a factor 51 with the usage of
Hermite expanded boundary conditions. This allows for simulating the thermophoretic force for a large
variety of gas and particle properties that are relevant to the high-tech manufacturing community.
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ABSTRACT 

 Knudsen pumps are promising candidates for gas pumping in a variety of scientific and industrial 

applications involving MEMS devices for hydrogen transfer, gas chromatography, aerosol sampling, 
heat pumps, biomedical systems and sensors etc. These pumps exploit the phenomenon of thermal 

transpiration, where gas under rarefied conditions flows along a channel due to temperature gradient. 

This enables gas transport without moving parts, resulting in vibration-free operation, an important 

feature for miniaturized applications [1].  
 For applications operating at atmospheric pressure, creating optimal rarefied conditions requires 

submicron-diameter channels, which is technically challenging. Only a few Knudsen pump prototypes 

have been reported in the literature, most of which are fabricated using Deep Reactive Ion Etching 
(DRIE) [2], wet etching [3], or porous materials [4]. DRIE enables the fabrication of channels with 

dimensions down to 1 μm, but with low aspect ratios (length/diameter ≈ 20) which impose constraints 

on thermal management. Porous materials contain natural defects that can restrict gas flow and reduce 
efficiency. 

 In this work, two Knudsen pumps for over- and sub-atmospheric applications were modeled and 

designed, taking into consideration the manufacturing capabilities of advanced laser fabrication 

techniques based on Bessel beams [5] and Selective Laser-Induced Etching (SLE) [6]. Bessel beams 
enables fabrication of high length-to-radius ratio (>100) nanochannels with diameters down to few 

nanometers and high writing speeds up to 1000 channels per second. SLE enables the fabrication of 

precise 3D structures and channels with length-to-radius ratios greater than 50 and diameters down to 3 
μm.  
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Design 

 The proposed Knudsen pumps were designed within a 2×2 cm² footprint, ensuring effective thermal 

management and structural stability. Figure 1 shows a 3D CAD model of the Knudsen pump, illustrating 

the glass plate (500 μm thick for Bessel beam fabrication and 100 μm thick for SLE fabrication) with 
through-wafer micro- or nano-channels and integrated heaters on top, as well as the 500 μm thick silicon-

based heat sink with micro-pillars on top and 80 μm diameter through-wafer openings. The 1×1 cm² 

central region is covered by channels, while the surrounding area is reserved for heater and heat sink 
connections. In the active 1 × 1 cm² region, 600 nm diameter nanochannels (for Bessel beam fabrication) 

and 3 μm diameter microchannels (for SLE fabrication), etched through the glass thickness, are arranged 

in a hexagonal pattern with a 20 μm spacing. This configuration results in approximately 
300,000 channels.    

 
Figure 1: Knudsen pump design: a) complete design, b) half-section view, c) heaters, glass plate and silicon heat 

sink layers, d) magnified view of the heaters and channels, e) magnified view of the silicon pillars and f) magnified 

view of the silicon wafer with 80 μm diameter openings.  

Gas flow modelling 

 To optimize the Knudsen pump architecture in terms of channel dimensions and operating 

pressures, the thermal transpiration flow through a single circular channel was modeled using kinetic 

theory. Assuming a large length-to-radius ratio (>50), the mass flow rate 𝑚̇ and pressure distribution 

𝑃(𝑧) along the channel 𝑧 ∈ [0, 𝐿] were computed based on the infinite capillary theory. The governing 

eq. (1) 

 
𝑑𝑃(𝑧)

𝑑𝑧
= −

𝜐0(𝑧)

𝜋𝑅3𝐺𝑃(𝛿)
𝑚̇ +

𝑃(𝑧)𝐺𝑇(𝛿)

𝑇(𝑧)𝐺𝑃(𝛿)

𝑑𝑇(𝑧)

𝑑𝑧
 , (1) 

where 𝜐0(𝑧), 𝑅 and 𝑇(𝑧) are the most probable speed, radius and temperature distribution, respectively, 

incorporates the Poiseuille 𝐺𝑃 and thermal creep 𝐺𝑇 flow coefficients, obtained from the linearized 
Shakhov kinetic model under diffuse boundary conditions [7]. The gas rarefaction parameter, defined 

as  

 𝛿(𝑧) =
𝑃(𝑧)𝑅

𝜇(𝑧)𝜐0(𝑧)
  (2) 

characterizes the flow regime, where the dynamic viscosity 𝜇(𝑧) depends on temperature. Numerical 

solutions of eq. (1) allow computation of either mass flow or outlet pressure for given inlet conditions 

and temperature gradients. Parametric studies with nitrogen gas identified 𝑅 = 0.3 μm as the optimal 

channel radius at atmospheric pressure, and 21 kPa as the optimal operating pressure for 𝑅 = 0.15 μm, 

to get the maximum pressure difference. For practical applications, the flow characteristics of a single 

channel are often insufficient. Therefore, pump designs incorporate multiple parallel channels and stages 
to increase the total mass flow rate and pressure difference, respectively. 
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Heat transfer modelling  

 To optimize the temperature gradient across the glass thickness, corresponding to the channel 

length, heat transfer simulations were performed in ANSYS Mechanical, considering the placement, 

dimensions, and materials of heaters and heat sinks. Larger temperature differences enhance mass flow 
rate and pressure difference in thermal transpiration. Materials with lower thermal conductivity produce 

larger temperature gradients, supporting the choice of glass for channel fabrication. Heaters are applied 

to one side of the glass, while heat sinks efficiently dissipate heat from the opposite side. Thin gold-
titanium layers enable Joule heating, and silicon heat sinks provide high thermal conductivity, 

mechanical stability, and compatibility with glass for bonding. Silicon pillars around each channel 

maximize temperature gradients while allowing gas flow, refining the thermal design of the pump.  
 Fig. 2 shows the results of heat transfer simulations of the designs presented in Fig. 1. They 

demonstrate that integrating heaters and heat sinks around each of the 300,000 channels produces: a) an 

average ΔT close to 47 °C for the Bessel beam design when 10 W of heating power is applied, and b) 

an average ΔT of about 20 °C for the SLE design when 20 W of heating power is applied, while 
maintaining a maximum temperature on the top side of the glass below 110 °C. The smaller ΔT in the 

case of SLE is due to the significantly thinner glass compared to the case of Bessel beams. However, 

the simulations indicate that increasing the channel density, i.e., packing the channels closer together, 
can enhance ΔT. These results confirm the effectiveness of the proposed thermal management strategy, 

enabling high-performance and compact Knudsen pump operation. 

 
Figure 2: Thermal simulations results of the a) Bessel beams pump and b) SLE pump, showing the cross-sectional 

view, detailed views of the glass top beneath the heaters (on the left) and the glass bottom above the pillars (on the 

right), as well as the temperatures along the central line on the top and bottom glass surfaces and the corresponding 

ΔT graph on the right). 

Performance study 

 In both Knudsen pump designs, the temperature gradients vary across channel positions, even under 
uniform heat flux on the top surface. Channels experiencing higher ΔT generate larger mass flow rates 

and pressure differences, while channels with lower ΔT can induce reverse flow. To model this behavior, 

an iterative scheme was developed for single-stage pumps, calculating the total mass flow and pressure 
difference by accounting for the individual temperature differences of each channel. A key finding is 

that using the average ΔT across all channels provides results in excellent agreement with simulations 

that apply different ΔT values for each channel. For the Bessel beam design with 300,000 channels, an 

average ΔT close to 47 °C yields a maximum mass flow of 3.5 × 10−10  kg/s and a pressure difference 
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of 1575 Pa. For the SLE design, the average ΔT of about 20 °C produces 2.46 × 10−8  kg/s and 72 Pa. 

For both pumps, atmospheric conditions were applied as initial conditions. Using upstream and 

downstream volumes of 86 mL, the maximum ΔP is reached within 3 hours with the Bessel beam pump 

and within 5 seconds with the SLE pump. The algorithm has also been extended to multi-stage pumps, 
enabling realistic simulation of gas flow through parallel channels and multiple stages. Fig. 3 presents 

the characteristic curves of the single-stage pumps for their optimal conditions (100 kPa for Bessel 

beams and 21 kPa for SLE) and at higher pressures, as well as the results of the multistage configuration 
of these two pumps at atmospheric inlet conditions. With 150 stages in the Bessel beams pump and 1800 

stages in the SLE pump, pressure differences of 2 bar and 1 bar were achieved, respectively. It is 

observed that the Bessel beams pump can provide much higher pressure differences while the SLE pump 
much higher mass flows. Therefore, the most suitable pump can be selected based on the intended 

application.   

 
Figure 3: Characteristic curves of the single-stage pumps: a) the Bessel beam case, b) the SLE case, and c) the 

multistage operation of both pumps.   
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ABSTRACT

The non-equilibrium kinetics of a rarefied monatomic gas can be described using the Boltzmann
equation (BE)[4]. The BE itself captures several macroscopic phenomena through its struc-
ture, including the conservation of physical quantities (like mass, momentum and energy), and
Galilean invariance[4]. The BE is an equation that shows the evolution of the probability density
function under the given constraints, thus being a model in phase space. A general formulation
is given by

∂f

∂t
+ vi

∂f

∂xi
= C (f, f) , (1)

subjected to the initial and boundary conditions,

f(0,x,v) − f0(x,v) = 0, x ∈ Ω, v ∈ R3; (2a)

v · n(x)(f(t,x,v) − fin(t,x,v)) = 0, t ≥ 0, x ∈ ∂Ω, v ∈ R3 : (v · n(x)) < 0 (2b)

where Ω denotes the spatial domain considered, while the velocity domain will be the entire
R3. f(t,x,v) is the distribution function of the gas, which contains the full information of the
distribution of particles in space and velocity. vi indicates the components of velocity, C (f, f) (v)
is the bilinear collision operator.
For ND spatial dimensions, BE will be a problem in 2ND dimensions, making it computationally
more expensive than the equivalent Navier-Stokes simulation. Furthermore, the dimensional
expansion imposes substantial demands on memory resources.
One way to manage memory and computational load with the BE is to distribute the memory
and computational load over a HPC infrastructure. One way to do this is through domain
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decomposition, where the computational (spatial) domain for the problem is divided into several
different subdomains such that each subdomain simulates a (smaller) part of the problem. The
additional step when dealing with several subdomains (when compared to the monolithic solve)
is the exchange of data at the interfaces at every timestep.
Here, we consider a finite element formulation for BE, where the test functions in the spatial
(ψ(x)) and velocity (m(v)) domains are independent of each other. The weak form, considering
test functions m(v) and ψ(x), are written as

At(f ;m ·ψ) + AΩ
x (f ;m ·ψ) + A∂Ω

x (fout;m ·ψ) − S(f ;m ·ψ) = −A∂Ω
x (fin;m ·ψ) (3a)

where

At(f ;m ·ψ) = ∂

∂t

∫

Ω
ψ(x)

(∫

R3
m(v)f dv

)
dx (3b)

AΩ
x (f ;m ·ψ) = −

∫

Ω

∂ψ(x)
∂xi

(∫

R3
vim(v)f dv

)
dx (3c)

A∂Ω
x (fout;m ·ψ) =

∫

∂Ω

∫

R3
out

(v · n(x)) m(v)ψ(x)f dv ds (3d)

A∂Ω
x (fin;m ·ψ) =

∫

∂Ω

∫

R3
in

(v · n(x)) m(v)ψ(x)fin dv ds (3e)

S(f ;m ·ψ) =
∫

Ω
ψ(x)

(∫

R3
m(v)C (f, f) dv

)
dx (3f)

and

R3
in = {v ∈ R3 : v · n(x) < 0}, R3

out = {v ∈ R3 : v · n(x) ≥ 0}.

The right hand side in Eq.(3a) only consists of the boundary term Eq.(3e) which imposes the
boundary conditions, determining the part of the probability distribution function that models
the velocities concerning flow into the domain (which is the ”inflow”). The left hand side consists
of all terms within the spatial domain Ω, as well as the boundary term Eq.(3d), which models
the part of the probability distribution function concerning flow moving out from the domain
(which is the ”outflow”).

The outflow from a domain can only be calculated if the probability distribution function
is known within the domain itself, and therefore can be seen as an ”output” of the simulation.
Conversely, the inflow, defined by the prescribed probability distribution at the domain bound-
aries, serves as the input. At the interface between two subdomains, the inflow to one subdomain
corresponds to the outflow to the other, and vice versa, as shown in Fig.(1).

As an example, the fluid dynamics within a channel connected to two reservoirs at different
pressures is considered. By changing the pressures of the reservoirs, the degree of rarefaction can
be systematically altered. Within this experimental framework, the results from the decomposed
domain studies are compared to the results from their equivalent monolithic simulations. The
algorithm for such a decomposed domain simulation is shown in Fig.(2).

The discontinuous Galerkin (dG) discretization is used for the spatial domain. For the
velocity discretization, the method of moments [5] is used, and as a consequence the structure of
the BE is preserved. In addition, for the collisional operator C(f, f), the hard-sphere collisional
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Figure 1: Depiction of how the inflow to one domain, will be the outflow to another domain and
vice versa
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Figure 2: Flowchart indicating the algorithm followed for each implicit timestep

model is used. When using the method of moments, an appropriate closure is used, such that
an accurate entropy dissipation that is similar to natural entropy dissipation is followed[1,2,3].
This formulation assumes a prior equilibrium (Maxwellian) distribution, given by a background
density, velocity and temperature. The probability distribution function is approximated as a
polynomial expansion around this equilibrium distribution.

However, as part of the initial setup of the simulation, it is necessary to provide an initial
guess of not only the prior equilibrium distribution within each subdomain, but also across
all interfaces. The worse the initial guess, the more the subiterations for each timestep (and
thus, the longer it takes) for the decomposed domain simulation. In a decomposed domain
framework, it is possible to assign distinct prior distributions and velocity-space resolutions
to each subdomain. This flexibility allows for targeted refinement: only subdomains requiring
detailed resolution of highly rarefied flows need to employ finer discretization. The reduced size
of individual subdomains leads to smaller system matrices, which lowers computational cost
and improves memory efficiency. Additionally, the use of Anderson acceleration [7] for the fixed-
point subiterations within every timestep, thus further reducing the computational overhead.
Our simulations are also compared to a monolithic model and show excellent agreement for a
range of Knudsen numbers.
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Since the limiting behavior of the Boltzmann Equation (BE) recovers continuum models
such as the Euler and Navier–Stokes equations (NSE), it provides a natural framework for
multiscale coupling. A domain decomposition approach enables the use of appropriate physical
models in different subdomains, for instance, solving the BE in regions with rarefied flow and the
NSE in continuum regimes, with flux exchange at the interfaces. This hybrid strategy captures
rarefaction effects more accurately than NSE models with precomputed slip boundary conditions.
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ABSTRACT

Atmospheric re-entry and hypersonic flight expose vehicles to extreme heat fluxes, aerodynamic loads,

and communication blackouts, key issues for space missions and hypersonic systems. Magnetohydrody-

namics (MHD) enables active control of ionized flows via Lorentz forces, with applications in heat-flux

reduction, flow control, energy conversion, and blackout mitigation [1]. This experimental and numer-

ical study focuses on ionized argon flows to isolate fundamental plasma–magnetic interactions, aiming

to characterize MHD-induced flow structures and compare experiments with PIC-DSMC/MHD simula-

tions. Simulations provide access to quantities difficult to measure experimentally, enabling interpreta-

tion of the observed structures and validation of the models.

Experimental setup

The PHEDRA wind tunnel [2] produces low-pressure supersonic and hypersonic ionized flows to repro-

duce high-enthalpy atmospheric re-entry conditions. It consists of a vacuum chamber of length 4.3m

and diameter 1.1m, equipped with a three-stage pumping system maintaining pressures in the range

2–8Pa. The plasma is generated by a DC arc-jet, where argon is ionized between a cathode and the

anode nozzle throat. Operating currents range from 50 to 250A with mass flow rates of 0.1–0.5 g s−1,

providing specific enthalpies of 5–50MJkg−1. The generator is mounted on a two-axis support for accu-

rate alignment. In this study, an argon plasma was used with operating conditions of ṁ = 0.32 g s−1,

Iarc = 100A, Varc = 25V, and a chamber pressure of 7.6Pa. Diagnostics rely on Langmuir probes for

the measurement of electron density, electron temperature, and floating potential, VUV imaging using a

Kuro CMOS camera, and emission spectroscopy performed with an IsoPlane spectrometer. All optical

measurements are focused at a distance of 3mm above the disk center.
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Figure 1: a) PHEDRA wind tunnel; b) set-up configuration.

The model consists of a coin-shaped stainless-steel disk with a diameter of 35 mm and a thickness

of 3 mm, selected for its geometric simplicity and compatibility with numerical simulations. Local-

ized magnetic fields are generated using neodymium magnets of two different sizes: 15 × 15 × 3 mm3

(Br ≃ 1.32 T) and 20 × 20 × 10 mm3 (Br ≃ 1.3 T) (Fig.2). The smaller magnet, shown in red in the

figure below, is also used to position and secure the overall magnet assembly to prevent any movement,

while the larger magnet is shown in blue. Two magnetic configurations are investigated: radial and axial

orientations of the magnetic field vector with respect to the flow direction (x-axis).

Figure 2: a) photograph of the mounted coin-shaped model equipped with localized Langmuir probes;

b) radial magnetic field configuration along the −Y direction; c) radial magnetic field configuration

along the Z direction; d) axial magnetic field configuration along the −X direction.

Results

Figure 3 displays Kuro camera images in the x–z plane, where the intensity is normalized by the nozzle-

exit luminance corresponding to each operating condition, allowing meaningful comparison between

different exposure times. The magnetic field lines, calculated using Magpylib, correspond to the same

magnet configurations as those shown in Figure 2 and are overlaid on these images. Differences in plasma

shock behavior are observed for the −Y (Fig.2b), Z (Fig.2c) and −X (Fig.2d) magnetic field configura-

tions when compared with the no-field reference case.

In the presence of a radial magnetic field, the shock response is anisotropic, motivating the investigation

of two orientations: along −Y (Fig.3a) and along Z (Fig.3b). For the −Y orientation, the shock exhibits

a pronounced asymmetry, with increased brightness in the lower region, indicating an effect in the local

−v × B direction. By contrast, the Z configuration results in a more symmetric and diffuse shock

structure, characterized by a larger stand-off distance and the presence of a reduced-luminance region

relative to the reference case.

With an axial magnetic field along −X (Fig.3c), the shock exhibits a compressed, high-intensity region

above the disk and a detached bright structure upstream. The shape of this structure follows the magnetic
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field lines, in agreement with the funnel-like behavior in air reported by Oswald et al. [3]. Overall, the

correlation between magnetic field lines and plasma luminosity highlights the strong coupling between

field geometry and shock morphology.

Figure 3: Plasma self-emission for the magnetic field configurations shown in Figure 2: (a) radial mag-

netic field along the −Y direction, (b) radial magnetic field along the Z direction, (c) axial magnetic

field along the −X direction, and (d) no-field reference case.

Figure 4 presents a comparison between images acquired with a standard camera and those obtained

using the Kuro camera. Figures 4a and 4c correspond to standard camera images, in which a distinct

region is clearly visible and indicated by the dashed outline. Figures 4b and 4d show post-processed

Kuro images obtained from the ratio between acquisitions with and without magnetic field, highlighting

the regions where the magnetic field impact is strongest. These regions coincide spatially with the dashed

area observed in the standard camera images, indicating that the zone most affected by the magnetic field

is also associated with distinct emission features corresponding to different excited states of argon and

suggesting localized magnetic-field-driven physical mechanisms.

Figure 4: Visualization of excited argon states and magnetic field effects: standard camera images (a, c)

compared to Kuro-processed images (b, d) using with/without field ratio.

Magnetic field influence on local measurements

The local argon excitation temperature was obtained from spectroscopic measurements using the Boltz-

mann method, based on emission lines in the 600–930 nm wavelength range. Figure 5a shows the results

measured at the disk center, 3 mm from the surface. In the case without a magnetic field, the shock

region shows an excitation temperature about 50% higher than in the freestream. Concerning magnetic

field effects, the radial configuration increases the excitation temperature by 24%, while the axial con-

figuration leads to a 36% rise, both relative to the no-field case, as the magnetic field allows only the

highest-energy argon species to pass through. In the axial configuration, these high-energy argon atoms

and electrons are concentrated at the disk center, resulting in a higher central excitation temperature than

in the radial case.

Electron density and temperature (Fig.5b and 5c) were further determined using both upper and single

Langmuir probes (Fig.2a). With an axial magnetic field, electrons are confined toward the flow center,
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resulting in reduced electron density near the disk periphery. However, the most energetic electrons can

still reach this region, leading to an increase in the measured electron temperature.

Figure 5: a) excited argon temperature determined 3mm in front of the disk; b and c) : electron temper-

ature and density determined by the upper and lower Langmuir probes (Figure 2a)

To characterize the interaction between a PHEDRA-type plasma flow and the model, with particular

emphasis on the influence of an applied magnetic field, two-dimensional axisymmetric (r–x) DSMC sim-

ulations were carried out using the SPARTA code. The plasma was modeled as a three-species mixture

(Ar, Ar+, e−), with interparticle collisions described by a collision-averaged VSS model using parame-

ters reported by Khiar et al. [4]. The freestream conditions correspond to a temperature of 2500K and a

bulk velocity of 3500m s−1 aligned with the x-axis.

In the absence of a magnetic field, the simulated electron distribution (Figure 6) agrees well with mea-

surements obtained using electrostatic probes positioned along the cylinder edge (Figure 5c).

Figure 6: 2D maps of electron density calculated without magnetic field.
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ABSTRACT 

Traditional aerodynamic optimization methods have primarily focused on continuum flows, with limited 
attention to rarefied flows—despite their significance in applications such as ultra-low Earth orbit 
vehicles, EUV lithography systems, and vacuum pumping equipment. To address this gap, we have 
developed two sets of adjoint-based optimization methods emphasizing efficiency and innovation, 
respectively: a shape optimization method using body-fitted grids, and a topology optimization method 
based on material density. The shape optimization method targets extreme efficiency, seeking to achieve 
most optimization effects within approximately ten iterations, thereby alleviating the high computational 
cost of rarefied flow simulations [1], see Fig.1 for an example. The topology optimization method 
broadens the design space, allowing the independent evolution of shape, size, and topology to explore 
more innovative configurations without relying on prior knowledge or experience [2], see Fig.2 and 
Fig.3 for examples. Both methods are built upon the General Synthetic Iterative Scheme [3], which 
deterministically and efficiently solves the Boltzmann model equation. This report will present the core 
concepts of these methods and their preliminary applications to aerofoils, pipelines, jets, and other 
systems. 
 
 

 
 
Figure 1: Shape optimization method to minimize drag configuration, based on the Boltzmann model equation. 
The incoming Mach number is 2, the Knudsen number based on the sphere radius is  0.1. A 34.5% reduction of 
drag is achieved after about 7 optimization steps.  
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Figure 2: Topology optimization method to maximize flow rate under different constraints, based on the 
Boltzmann model equation, from the continuum to free-molecular flow regimes. First row: maximizing the overall 
flow rate while minimizing the flow variance at the three outlets. Second row: maximum the overall flow rate only.  
 

 
Figure 3: Topology optimization (of the two inlet channels) is used to maximize the forces acting on contaminant 
particles 1 and 2, while minimizing the force on the Sn droplet 0, mimicking the scenario in EUV light generation. 
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ABSTRACT 

The numerical simulation of rarefied gas mixture dynamics with disparate masses using the direct 

simulation Monte Carlo (DSMC) method is slow, primarily because the time step is constrained by that 

of the lighter species, necessitating an enormous number of evolution steps to reach a steady state. Here, 

we address this issue by developing a general synthetic iterative scheme (GSIS)[1-2], in which the 

traditional DSMC simulation is intermittently enhanced using a macroscopic synthetic equation[3]. 

Specifically, after running the DSMC for a certain number of time steps, the high-order constitutive 

relations for stress and heat flux, as well as the momentum and energy exchange terms from inter-species 

collisions, are extracted from the DSMC and incorporated into the macroscopic synthetic equations. 

These equations are solved to obtain the steady state, and the solution is then used to update the particle 

distribution in DSMC, thereby skipping unnecessary intermediate evolutions. This two-way coupling 

not only accelerates convergence to the steady state but also asymptotically preserves the Navier-Stokes 

limit in the continuum flow regime, allowing the spatial cell size to be much larger than the molecular 

mean free path. The accuracy of our method is validated for one-dimensional force-driven Poiseuille 

flow and two-dimensional hypersonic flow past cylinders, considering Maxwell and hard-sphere gases 

with mass ratios of 10 and 100. Moreover, the one-dimensional shock wave structure and thermal driven 

low-speed flow have been investigated using a more realistic intermolecular potential. Although our in-

house DSMC method is approximately an order of magnitude slower than the open-source DSMC code 

SPARTA, intermittently augmenting it with the synthetic equation makes it roughly 30 times faster at a 

Knudsen number of 0.01, with even greater computational gains anticipated at smaller Knudsen 

numbers. This work represents a critical step toward developing fast-converging and asymptotic-

preserving schemes for hypersonic chemical reactions. 

METHODOLOGY 

The Direct Intermittent GSIS-DSMC coupling (DIG) method for gas mixtures boosts the convergence 

of DSMC method to steady state by iteratively coupling with a macroscopic synthetic equation. The 

general flowchart of DIG is shown in Figure 1. Within each unit cycle, the traditional DSMC is first 

executed for a prescribed number of time steps 𝑁𝑑, during which the time-averaged source terms Δ𝑸𝑠
∗, 

macroscopic properties 𝑴𝑠
𝑘+1/2

, and higher-order terms 𝐇𝐨𝐓𝑘+1/2 are sampled. These quantities are 

then used to solve the macroscopic synthetic via a time-implicit finite-volume scheme, with boundary 

conditions imposed following the Grad 13-moment method[4]. The updated macroscopic properties 

𝑴𝑠
𝑘+1  are subsequently employed to adjust the particle information for each species by a linear 
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transformation of particle velocities, thereby driving the particle distribution in the flow field closer to 

the steady state. 

 
 

 
 

Figure 1: Flowchart of the DIG algorithm for two-species monatomic gas mixture. In each iteration step, the 

DSMC is run for 𝑁𝑑 = 100 steps and the synthetic equations are solved for 𝑁𝑚 = 200~1000 iterations, or 

until the maximum relative error of the conservative variables among the two species between two successive 

steps drops below 10−5. 

NUMERICAL RESULTS 

Figure 2 compares the computational grid applied in DSMC and DIG method, when the global Knudsen 

number is 0.1 and 0.01. The computations are performed for a gas mixture of two Maxwellian species 

with a mass ratio of 10 at a Mach number of 5. The DSMC results are provided by the open-source 

SPARTA code. In DSMC, cartesian grids are adaptively refined to be less than one-third of the mean 

free path. As a result, DSMC requires approximately 250,000 cells for Kn =  0.1 and 1.9 million cells 

for Kn =  0.01. In contrast, the spatial cell sizes in DIG are significantly larger than the mean free path, 

particularly in the near-continuum regime. For example, at Kn =  0.01, the cell size near the cylinder 

surface in DIG can be nearly 15 times larger than that required by standard DSMC. However, as shown 

in Figure 3, despite the substantial difference in the number of computational cells, the macroscopic 

results obtained from the DSMC and DIG exhibit excellent agreement. 

 
 

Figure 2: The computational grid size employed in the hypersonic gas flow passing over a cylinder for DSMC 

and DIG method when the global Knudsen number is 0.1 (left) and 0.01 (right). The grid size in DSMC is 

adaptively refined and strictly lower than one-third of the local mean free path for the heavy species. The time 

step Δ𝑡, multiplied by the most probable speed, is carefully constrained to remain smaller than the length of the 

smallest grid. 
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Figure 3: Comparisons of velocity fields predicted by DIG (lines) and DSMC (contours) for the Maxwellian gas 

mixture with a mass ratio of 10 at the incoming Mach number of 5. 

 

As a result, although the parallel efficiency of our in-house DSMC code is roughly an order of magnitude 

lower than that of SPARTA, primarily due to its Cartesian grid structure and the more advanced 

parallelization strategy implemented in SPARTA. Nevertheless, for a mass ratio of 10, the total 

computational time (including both transitional and steady-state phases) of DIG is reduced by 

approximately a factor of 3 for Kn =  0.1 and a factor of 15 for Kn =  0.01. And this advantage 

becomes even more pronounced at a mass ratio of 100, where the DIG achieves a CPU time reduction 

of more than a factor of 30 for Kn =  0.01 compared with SPARTA. 
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ABSTRACT

The knowledge of nitrogen transport coefficients is of fundamental importance. However, not all of
them have been determined with the same accuracy. In particular, volume viscosity experimental mea-
surements and theoretical estimations exhibit considerable uncertainties. Figure 1 shows experimental
volume viscosity data, in the temperature range [180 : 500] K, obtained by sound absorption [1, 2, 3]
and by the more recent Rayleigh-Brillouin scattering (RBS) technique [4, 5]. On the theoretical side, a
number of potential energy surfaces (PES) have been proposed to describe the pairwise interaction ofN2

molecules and predict nitrogen transport properties in the low density limit. The rigid rotor approxima-
tion, neglecting vibrational degrees of freedom, has been used in Refs. [6, 7, 8, 9] for low temperature
estimations, of primary interest for the present work. More general PESs, in which vibrational levels are
taken into account are described in Ref. [10] and Ref. [11], the latter being also capable of describing N2

dissociation.
Once the PES is known, transport properties can be obtained by a variety of techniques. Nitrogen shear
and volume viscosity have been obtained in Ref. [12] by nonequilibrium CT-DSMC simulations [13]
based on the PES proposed in Ref. [6]. Although shear viscosity predictions were in good agreement
with reference experimental data [14], volume viscosity estimations inherited large uncertainty from
the original uncertainties associated with the anisotropic PES contributions. Excellent agreement with
shear viscosity and thermal conductivity experimental data has been obtained in Ref. [7] by Monte Carlo
evaluation of collision integrals, based on a PES accurately derived from quantum ab initio methods.
The same strategy has been adopted in Ref. [9] where shear viscosity, thermal conductivity and vol-
ume viscosity have been estimated by equilibrium simulations and Green-Kubo expressions for transport
properties. The PES has been obtained from a suitable interpolation of DFT data. Good agreement has
been obtained with reference experimental data [14] of shear viscosity and thermal conductivity. The
predicted volume viscosity lies below most of experimental data but it is close to the RBS measurement
by Meijer [5] and to the lowest temperature point of Gu’s RBS measurements [4].
The work described here originates from the observation that volume viscosity has not been estimated
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from the PES proposed in Ref. [7], which appears to be quite accurate, although computationally expen-
sive. Volume viscosity estimations have been obtained by nonequilibrium CT-DSMC simulations [13].
The latter are, in general, computationally more expensive than Monte Carlo estimations [7, 13] but
directly provide values of transport coefficients that do not require higher order corrections [15]. Fur-
thermore, they provide a better understanding of the physical processes determining a specific transport
coefficient. Two different CT-DSMC configurations have been used. In the first one, volume viscosity
ηv(Teq) is obtained from the expression [16]:

ηv =
4

15
pτ (1)

where p is the pressure and τ is the relaxation time to the equilibrium temperature Teq of rotational
temperature Trot and translation temperature Ttr, in an isochoric and adiabatic space homogeneous
simulation. Relaxation times τ are obtained by exponential fits of ∆T (t) = Trot(t) − Ttr(t), with
|∆T (t)|/Teq << 1 (see Fig. 1b). As show in Fig. (1)a, the estimated ηv, in the range [250 : 400] K,
lie between the numerical results from Refs. [10, 8] and they are close experimental data from Ref. [1].
The second one consists in an expansion with uniform and constant divergence. In this case, the flow
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Figure 1: (a) - Calculated ηv compared to experimental data. (b) - Example of simulated RT relaxation
in N2.

is, strictly speaking, one dimensional, however it is amenable to a space homogeneous problem which
describes the local gas expansion, as seen by an observer moving with the bulk velocity. The flow is
governed by the following Boltzmann equation:

∂f

∂t
− δ

3
v⃗ · ∇v⃗f = C(f, f). (2)

In Eq. (2), f(v⃗, γ⃗, t) is the distribution function of molecular velocity v⃗ and angular momentum γ⃗, δ is
the divergence and C(f, f) is the collision integral, representing binary interactions between linear rigid
rotators, under the action of intermolecular forces derived by the PES. In formulating the associated CT-
DSMC particle scheme it is more convenient and transparent to adopt the following equivalent form of
Eq. (2):

∂f

∂t
− δ

3
∇v⃗ · (v⃗f) + δf = C(f, f) (3)

where the third term on the lefthand side makes the density ρ vary as ρ(t) = ρ(0) exp(−δt), whereas
the second term causes an isotropic velocity rescaling which increases or decreases Ttr, depending on
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the sign of δ. As is clear, the two terms act only on the translational degrees of freedom; the coupling
with rotational degrees of freedom is provided by the collision term, C(f, f). The volume viscosity is
estimated as:

ηv(T ) = lim
δ→0

η(est)v (T, δ) =
p− ptr
δ

(4)

where p and ptr are the pressures calculated from the temperatures T = (3Ttr + 2Trot)/5 and Ttr,
respectively. The method has been tested on the rough sphere gas [15], perhaps the simplest mechanical
model of a polyatomic gas. Its transport coefficients have been obtained in a number of investigations
by Chapman-Enskog expansions [15, 17]. Figure 2a shows the measured volume viscosity as a function
of temperature during expansions with different values of the adimensional divergence, δ0 = δτ0, τ0
being the mean free time at the beginning of the expansion. It is apparent that the curves converge to
the theoretical result from [17]. The same method has been used to estimate nitrogen ηv as a function
of T , during the expansion. Preliminary results are presented in Figure 2b. The simulated expansion
starts from an equilibrium gas at T0 = 400K and p0 = 105 Pa. The expansion curve is obtained as
extrapolation to δ → 0 of several expansions with finite δ. The results compare well with those obtained
from RT relaxation. However, on the basis of the rough sphere gas convergence pattern, the curvature
near the initial temperature, T0, suggests that the values of the selected δ values are still too large to
obtain accurate results on the whole temperature interval. Further calculations are underway to improve
the estimations accuracy.
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Figure 2: (a) - Volume viscosity of rough spheres as a function of temperature for expansions with dif-
ferent velocity divergence. The theoretical result from [17] is also reported for comparison.(b) Estimated
volume viscosity of N2 as a function of temperature.
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ABSTRACT

Phase change phenomena at the liquid-vapor interface, particularly evaporation and condensation play an
important role across a broad range of scientific and engineering disciplines, such as biology, chemistry,
and thermal systems engineering. As the demand for miniaturized, energy-efficient technologies grows,
especially in confined geometries, a deeper understanding of heat and mass transfer mechanisms at the
interphase becomes increasingly critical. The non-equilibrium nature of evaporation and condensation
phenomena at micro- and nano-scales remains a modeling challenge. Approaches such as Molecular
Dynamics (MD) are able to describe these phenomena at the liquid/vapor interface but are computation-
ally expensive. The S-model kinetic equation offers a more efficient alternative but relies on key input
parameters: the liquid temperature TL and evaporation/condensation coefficient αe,c. This study explores
the behavior of these parameters under varying vapor flow conditions, characterized by different Mach
number, using the S-model.

Figure 1: Schematic of the non-equilibrium MD domain.

A schematic of the non-equilibrium MD simulation is depicted in Fig.1 Its dimension parallel to the
liquid/vapor interface is Lxy = 200Å, and orthogonal Lz = 1500− 7000Å. It consist of an Argon liquid
slab interaction with its vapor phase across a single interface modeling net-evaporation. Intermolecular
forces are computed using a truncated and shifted Lennard-Jones 12-6 potential with σ = 3.3916Å,
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ϵ/kb = 137.90K and a cutoff radius rc = 2.5σ[1]. A Nosé-Hoover[2] thermostat is applied to the liquid
slab (red area) simulating a canonical ensemble (NVT) with a timestep ∆t = 4fs. The liquid temper-
ature is varied between Tth = 90 − 130K. Periodic boundary conditions are applied parallel to the
interface. Orthogonal to the interface, a truncated Lennard-Jones potential holds the liquid in place at the
lower wall. At the upper wall, the velocity distribution is forced to be symmetric about u∞ which is the
prescribed far-field vapor velocity[3]. Mach numbers Ma = u∞/c∞ range from 0.1 and 0.9, with c∞
being the vapor speed of sound. A stationary interface position is maintained by continuously replenish-
ing the liquid slab with new particles[4].

The steady-state form of the S-model kinetic equation [5] is defined as,

v · ∂f(z,v)
∂z

=

(
fS − f

)

τ
(1)

where, f(z,v) is the one particle molecular velocity distribution function, v is the molecular veloc-
ity vector, z is the direction orthogonal to the liquid/vapor interface, τ the relaxation time and fS the
Shakhov equilibrium distribution function. The S-model kinetic equation is solved using the discrete
velocity method[6] in one-dimensional in the physical space and two dimensional in the molecular veloc-
ity space formulation. After solving Eq.(1), the velocity distribution function f(z,v) is known. Macro-
scopic properties of the vapor phase such as temperature, pressure and number density are obtained
by calculating the moments of the velocity distribution function f . At the lower boundary z = 0, the
distribution function of evaporating particles is assumed to be a half range Maxwellian,

f(t, 0,v) =
[
αens + (1− αc)nr

]( m

2πkbTL

)3/2

exp
[
− m|v|2

2kbTL

]
, vz > 0 (2)

with αe,c the evaporation/condensation coefficients, nr the number density of reflected particles[5] and
m the molecular mass. The saturation vapor number density ns = ps/(kbTL) is calculated using liquid
temperature TL saturation pressure ps = p(TL). At the upper boundary of the simulation domain z = L,
the vapor is assumed to be in equilibrium steady-state with prescribed far-field vapor velocity u∞. The
velocity distribution function for particles approaching the interface is,

f(t, L,v) =
pv
kbTv

(
m

2πkbTv

)3/2

exp
[
− m|v − u∞|2

2kbTv

]
, vz < 0 (3)

Results and Conclusions

The dependency of the evaporation αe and condensation αc coefficient and liquid temperature TL is
investigated for various vapor flow conditions using MD simulations. This requires defining a so-called
liquid and vapor boundary. The position of the vapor boundary is determined using the method in Ref.[7].
For the liquid boundary position zLb

, multiple locations near the liquid/vapor interface are randomly
selected. For each liquid position, the corresponding liquid temperature and both coefficients are cal-
culated. The resulting parameters are then provided as input to the S-model calculations. Its results
are compared to MD results using the mean absolute percentage error (MAPE), which is defined as
100×∑(|yMD−yS |/yMD)/N with yMD and yS the numerical results of MD and S-model respectively
and N the number of data points. Fig.2 shows the MAPE for thermostat temperature 90K, Ma = 0.19
and liquid boundary positions −10 < zLb

− zm < 6 where zm is the position of the equimolar dividing
surface. For higher Mach numbers and thermostat temperatures, the minimum error of pressure is almost
consistently observed around zLb

= zm. In contrast, the density reaches its minimum deeper into the liq-
uid phase as the thermostat temperature increases but shifts towards the liquid/vapor interface for higher
Mach numbers.
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Finally, the S-model simulation assumes ideal gas behavior. Using the compressibilty factor 0 < Z < 1
(withZ = 1 corresponding to an ideal gas), the vapor approaches unity for lower thermostat temperatures
and higher Mach numbers. Based on these observations, the liquid boundary position is chosen to be at
the equimolar dividing surface for the remainder of the abstract, i.e. zLb

= zm.
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Figure 2: The mean absolute percentage error
(MAPE) calculated for various liquid boundary
positions using thermostat temperature 90K
and Ma = 0.19. Error bars correspond to
uncertainty in liquid temperature, i.e. TL ± σ.
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Figure 3: Evaporation (αe,∗) and condensation
(αc,□) coefficient dependence on reduced tem-
perature obtained from MD. Solid square cor-
responds to equilibrium simulation. TC is crit-
ical argon temperature: 150.86K.

Fig.4 depicts the macroscopic profiles of density, temperature, pressure and velocity obtained both from
the S-model and MD simulations at a thermostat temperature of 90K. Each subfigure contains results
for four Mach numbers, Ma ≈ 0.2, 0.4, 0.6 and 0.8. A strong agreement is observed between the S-
model and MD results for all properties and Mach numbers. For all simulations, the compressibility
factor is high, with Z > 0.95. Evaporation and condensation coefficients obtained from MD for thermo-
stat temperatures 90K and 120K and various Mach numbers are shown in Fig.3. Higher Mach numbers
result in lower liquid temperatures TL (i.e. more liquid cooling), leading to reduced vapor density ρ
and temperature Tv. This enhances evaporation and increases the evaporation coefficient αe. Conversely,
condensation becomes more difficult, reducing its condensation coefficient αc. For Tth = 120K, a slight
increase in the condensation coefficient is observed before it decreases with increasing Mach number
(i.e. lower Tv/TC). This is most likely due to a rapid increase in liquid density near the interface (cooling
effect) for 0 < Ma < 0.4 which then saturates for Ma > 0.4. Vapor particles in the vicinity of the inter-
face experience a higher attraction force from the liquid which increases the condensation coefficient.

In conclusion, positioning the liquid boundary close to the liquid/vapor interface provides better agree-
ment between S-model and MD results. Furthermore, evaporation coefficients for both thermostat tem-
peratures provide similar results as function of reduced temperatures Tv/TC (i.e. Mach number). Whereas
discrepancies of 0.2 or more are observed for the condensation coefficients. Further research is needed
to clarify the mechanisms governing the behavior of αe and αc under high-Mach conditions.

Acknowledgements

This project has received funding from the European Union’s Horizon 2020 research and innovation
programme under the Marie Skłodowska-Curie grant agreement No. 643095.

3
62



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

0 2 4 6 8
2

3

4

5

6

(a) Density

0 2 4 6 8
60

65

70

75

80

85

90

(b) Temperature, (Tx + Ty + Tz)/3

0 2 4 6 8
2

3

4

5

6

7

8

9

10
10

4

(c) Pressure

0 2 4 6 8
20

40

60

80

100

120

140

(d) Velocity

Figure 4: Comparison of the MD (solid line) results with the S-model (asterisk) results for thermostat
temperature 90K andMa ≈ 0.2, 0.4, 0.6 and 0.84. S-model input parameters αe, αc and TL are calculted
from MD using the liquid boundary positioned at equimolar surface, i.e. zLb

−zm = 0. Here, λ∞ denotes
the mean free path as determined from Ref.[7] and zVb the vapor boundary position.
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ABSTRACT

Introduction

The ability to precisely manipulate small fluid volumes, combined with compact size, low power con-
sumption, and reduced fabrication and operating costs, has driven growing interest in the development of
microfluidic systems. Among these, devices utilizing gas microflows are now employed in various appli-
cations, such as Knudsen pumps, micro heat exchangers, microactuators, and microsensors. For such
systems, accurate experimental characterization of velocity and temperature fields is essential to predict
and optimize their thermal and hydrodynamic performance.
At the microscale, the mean free path of gas molecules becomes comparable to the characteristic dimen-
sions of the system, leading to flow regimes where rarefaction effects can no longer be neglected. In
practice, most gas microflows fall within the slip-flow (10−3 < Kn < 10−1) or transitional (10−1 <
Kn < 10) regimes [1]. Under such conditions, non-equilibrium phenomena become significant, and
the conventional continuum hypothesis coupled with the no-slip boundary condition fails to accurately
describe the flow behavior. Consequently, reliable prediction of macroscopic velocity and temperature
fields requires advanced theoretical and numerical models, whose validation critically relies on high-
quality experimental data.
In this context, direct measurement of local flow properties is crucial both for optimizing the design of
microfluidic systems and for validating models of rarefied gas dynamics. However, the availability of
such data remains severely limited in the current literature, emphasizing the need for advanced exper-
imental methodologies capable of capturing local flow characteristics with high spatial and temporal
resolution.
Among the available diagnostic techniques, molecular tagging (MT) is a well-established method par-
ticularly suited for the experimental investigation of gas microflows. The method relies on the photolu-
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minescent response of tracer molecules introduced into the carrier gas. When excited by a laser source
with an appropriate wavelength, these molecules emit light through fluorescence or phosphorescence. By
analyzing the luminescent signal (intensity and wavelength) and its temporal evolution, it is possible to
extract thermodynamic and kinematic properties of the gas flow, including local temperature and velocity
distributions.
Over the past decade, MT-based approaches have been increasingly applied to gas microflows, enabling
both velocimetry and thermometry measurements [2, 3]. In Molecular Tagging Velocimetry (MTV),
the local flow velocity is commonly estimated by dividing the average molecular displacement by the
observation time interval. However, this purely advective model fails to resolve the full velocity profile,
particularly near the wall, where it can artificially introduce a slip even under hydrodynamic no-slip con-
ditions [4]. A more rigorous description requires accounting for both advective and diffusive transports,
as formulated by Frezzotti et al. [5] through the advection–diffusion equation:

∂sx
∂t

= ū(y) +D2/1,2
∂2sx
∂y2

(1)

where sx [m] is the mean molecular displacement obtained from the post-processed phosphorescence
images, ū(y) [m/s] is the velocity profile, and D2/1,2 [m2/s] is the diffusion coefficient of the tracer
molecules (index 2) in the mixture with the carrier gas (index 1). The advection–diffusion formulation
has been successfully applied to obtain high-quality measurements of slip velocity near solid boundaries
in a 1-mm-deep rectangular microchannel [6]. However, to accurately reconstruct velocity profiles from
molecular displacement data, a detailed understanding of tracer diffusion is essential, particularly under
low-pressure conditions where diffusion effects play a significant role compared to advection.
In this framework, the present study provides the experimental diffusion data required to enhance the
accuracy of MTV-based measurements. Acetone vapor is selected as the tracer molecule, as it is widely
used in molecular tagging experiments. Both its self-diffusion and binary diffusion in helium and argon
mixtures are investigated.

Measurement of diffusion coefficients in gas mixtures

The experimental determination of acetone diffusion coefficients is carried out by means of a molecular
tagging approach. The technique consists in monitoring the spatial evolution of the phosphorescent emis-
sion from laser-excited tracer molecules using a high-sensitivity camera. Immediately after excitation,
the tagged molecules form a narrow and well-defined emission pattern, which gradually broadens due
to molecular diffusion. Figure 1 illustrates this phenomenon for acetone self-diffusion within a region of
interest (ROI) along the laser beam path, showing the spatial distribution of the phosphorescent signal
at 10, 20, and 50 µs after laser excitation. For each delay time, a one-dimensional intensity profile is
obtained by averaging the phosphorescence signal along the laser beam direction. The resulting profiles
can be spatially modeled as a Gaussian distribution, whose variance increases linearly with time as diffu-
sion proceeds. By tracking the temporal evolution of the variance σ2x(t), the diffusion coefficient D2/1,2

can be determined from the Einstein relation [7]:

σ2x = 2D2/1,2t+ σ2x,0 (2)

where t [s] is the time after the laser excitation, σ2x,0 [m
2] is the variance of the initial light distribution.

Originally developed for acetone and diacetyl self-diffusion studies by Fratantonio et al. [6] and later
applied to pure acetone by Zhang et al. [8], the present work aims to improve the accuracy of acetone
self-diffusion characterization and to extend the technique to binary mixtures with helium and argon.
To analyze the experimental results, the measured diffusion coefficients are compared with theoretical
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predictions. A first estimate is obtained from Blanc’s law [9]:

D2/1,2 =
1

x2
D22

+ x1
D21

(3)

where xi is the mole fraction of species i andDij [m
2/s] denotes the binary diffusion coefficient between

species i and j.
According to the Chapman–Enskog kinetic theory [10], the binary diffusion coefficient Dij is given by:

Dij =
3

16
√
π

√
2kBT

mij

fD
σ2ijΩ

(1,1)n
(4)

where kB [J/K] is the Boltzmann constant, T [K] is the absolute temperature, mij =
mimj

mi+mj
[kg] is

the reduced mass, σij =
σi+σj

2 [m] is the average collision diameter, n the number density [m−3], fD
a correction factor, and Ω(1,1) the collision integral associated with the chosen intermolecular potential.
The collision integral Ω(1,1) is a function of the reduced temperature T ∗ = kBT

εij
, where εij =

√
εiεj [J]

represents the potential well depth characterizing the intermolecular interaction between species i and j,
while εi [J] denotes the potential well depth corresponding to the self-interaction of the pure species i.
For non-polar species, the Lennard–Jones (LJ) potential is employed to compute the diffusion coefficients
[11], whereas the Stockmayer (St) potential is adopted for polar molecules to account for dipole–dipole
interactions [12]. The values of ε and σ adopted for acetone, helium, and argon are summarized in Table 1
for both Stockmayer and Lennard-Jones intermolecular potentials.

Figure 1: Two-dimensional phosphorescence intensity distributions of laser-tagged acetone within a
selected region of interest (ROI) at interrogation delays of t = 10, 20, and 50 µs are presented, high-
lighting the progressive broadening of the tagged molecular line due to diffusion. The associated one-
dimensional intensity profiles, obtained by averaging the phosphorescence signal along the y-direction
and subsequently fitted with a Gaussian function, are reported for comparison.
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Conclusions and perspectives

This study reports, for the first time, experimental measurements of acetone diffusion coefficients in
gas mixtures obtained by means of molecular tagging. The present data provide a characterization of
both self-diffusion and binary diffusion of acetone in helium and argon over a wide range of pressures
and mixture compositions, addressing a lack of experimental data. The measured diffusion coefficients
will be presented and compared with theoretical predictions based on Blanc’s law and Chapman–Enskog
kinetic theory during the conference presentation. Future work will focus on further improving the exper-
imental methodology, reducing measurement uncertainties, and extending the investigation to other pho-
toluminescence molecular tracers. The measured diffusion coefficients will then be integrated into the
advection–diffusion reconstruction method, enabling accurate velocity profile measurements by molec-
ular tagging velocimetry in gas flows.

Species
Lennard–Jones potential Stockmayer potential
σ [pm] ε/kB [K] σ [pm] ε/kB [K]

Acetone 466.9 519 450 549
Helium 257.6 10.22 — —
Argon 343.2 122.4 — —

Table 1: Molecular parameters adopted for acetone, helium, and argon according to the Lennard–Jones
and Stockmayer intermolecular potentials. The Lennard–Jones parameters are taken from Bird [11],
while the Stockmayer parameters are taken from Monchick and Mason [12]. All parameter values are
derived from viscosity measurements.
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ABSTRACT 

Particle dynamics in equilibrium and non-equilibrium rarefied flows must be understood to reduce the 
impact of contaminants in equipment of the semiconductor industry. The particle dynamics in rarefied 
flows is described by the Knudsen number, which is the ratio of the mean free path of gas molecules 
over a characteristic length scale of the system, which in this case is the volume-equivalent radius. Gas-
surface interactions are shown to be important in describing the net effect of the particle dynamics for 
the drag and thermophoretic forces; especially in the free-molecular limit. We conduct experiments 
where the momentum and energy accommodation coefficients of nitrogen, helium and argon can be 
measured indirectly and where we can see the effect of the accommodation coefficients on the dynamics 
of microparticles. This has been done by measuring settling velocities of these microparticles in low-
pressure systems with and without a thermal gradient. Our measurements cover the entire transition 
regime and far into the free-molecular limit. Our results will contribute to an active contamination 
control in the semiconductor industry. 

Introduction 

There is a growing demand for understanding the particle dynamics in equipment used in the 
semiconductor industry. Friction forces in the production process of wafers lead to contaminants, which 
are submicron-sized particles that cause problems in the machine as the resolving resolution of the 
features on the wafers are becoming smaller by the day and are often smaller than the size of these 
contaminants. The dynamics of these contaminants must be understood to avert them from reaching 
vulnerable places and, therefore, reducing downtime of the machine. The machines operate at pressures 
from atmospheric to deep vacuum, which results in rarefied flows, where the mean free path of gas 
molecules, denoted by 𝜆, becomes larger than the typical size of a particle whose characteristic length 
scale is described by its volume-equivalent radius 𝑟. The rarefaction for the particle can be described by 
the Knudsen number,  

𝐾𝑛 = λ/𝑟.   (1) 
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Gas expansions and compressions in the machine result in high thermal gradients leading to non-
equilibrium states. In non-equilibrium rarefied states, gas-surface interactions become more important 
and are one of the dominant parameters that describe the particle dynamics. So far, there is a lack of 
understanding about particle dynamics in rarefied flows and how gas-surface interactions influence this. 
The primary cause of the limited understanding is the lack of experimental data concerning particle 
dynamics in the transition regime and free-molecular limit. We conduct experiments on the drag and 
thermophoretic force for melamine formaldehyde particles in different gases; nitrogen, argon and helium 
[1,2]. By measuring drag and thermophoretic forces in the free-molecular limit, we can measure the 
effect of the momentum and energy accommodation coefficient, respectively.  

Methodology 

The experiments are conducted by measuring the settling velocities of microparticles in low-pressure 
systems which are either filled with nitrogen, argon or helium. The setup that is being used can be seen 
in figure 1. The particles have sizes of (1.15±0.02) μm, (2.52±0.05) μm and (4.28±0.07) μm and the 
pressures range from 10 Pa to 10ହ Pa, where the accuracy of the pressures are within 0.2% of their 
absolute pressures.  
A thermal gradient can be applied in the system by two copper plates that are placed vertically and are 
shielded from each other by a polystyrene window of (10.03±0.02) mm. The copper plates are kept at 
a fixed temperature using external water baths. The temperatures of the plates are measured by three 
thermistors per plate with an accuracy of 0.05 K each.   
Particles are released in the system by a particle dispenser, which consists of the particle container and 
a shaker. The shaker vibrates the container, where a hole is made in the bottom. By shaking the container, 
particles are released through the hole into the system.  
A vertical laser sheet (60 mW, 408 nm) illuminates the particles for their complete trajectory, which is 
recorded by a monochromatic CMOS camera with a maximum frame rate of 56 fps. The trajectory of 
the particle is reconstructed from the images by a self-made tracking program.  
With the specifications of our setup, we can reach Knudsen numbers from 0.05 to 60, where the lower 
limit is due to the particle dispenser that creates an undesirable air flow, which is more significant at a 
higher pressure (small Kn) . The upper limit is a result of a low drag force and thus high particle 
velocities, which cannot be recorded by the current frame rate of the camera.  

 
Figure 1. Experimental setup. (a) Top view with the vacuum chamber, thermal chamber and optical 
system. The thermal chamber is inside the vacuum chamber and its inside can be seen in the right figure. 
(b) Side view of the thermal chamber. The two thermal plates are set at different temperatures that are 
measured with three thermistors each. The particle dispenser is on top of the top plate and releases 
particles, which are illuminated with the vertically aligned laser sheet. 

70



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows – NEGF26  
25-27 March, 2026 –Toulouse, France 

 

3

 
 

Results and discussion 

The drag force is obtained by measuring the settling velocity without a temperature gradient in the 
system and its results can be seen in figure 2a. In the continuum limit, the drag force for a spherical 
particle should be equal to Stokes’ drag [3]. When the system becomes more rarefied, a correction factor 
is needed to account for the velocity slip at the gas-surface interface described as 

𝑆(𝐾𝑛) = 𝐹ௌ௧௢௞௘௦/ 𝐹ௗ௥௔௚.                                                           (2) 
This is often described by the interpolation of Cunningham [4], where its constants are found 
experimentally by Millikan [5] and later analyzed by Allen and Raabe [6]. In the free-molecular limit, 
the drag is equal to the result of Epstein [7], where the momentum accommodation coefficient is 
included in the slip correction. By measuring the slip correction, a momentum accommodation 
coefficient for all used gases is found, which can be seen in table 1. 

The thermophoretic force is found experimentally in the same way as the drag measurements, but now 
a vertical thermal gradient is applied, which reduces the settling velocities of the particles. A well-known 
result of the thermophoretic force is given by Waldmann [8], where the energy accommodation 
coefficient is assumed to be equal to one. From the experimental results that is shown in figure 2b, we 
can clearly see that this is not always the case and another result given by Ivchenko and Yalamov [9], 
where the energy accommodation coefficient is taken into account, is suited better for predicting the 
thermophoretic force in the free-molecular limit. The result of nitrogen, where an energy 
accommodation coefficient higher than one is found, leads to the discussion if the model of Ivchenko 
and Yalamov is suited for the free-molecular limit. The chosen scattering kernel that Ivchenko and 
Yalamov use, leads to an energy accommodation coefficient higher than one. Chernyak and Sograbi 
[10] described the effect of the accommodation coefficients on the thermophoretic force in the free-
molecular limit and found that it differs per scattering kernel. However, the experimental data, together 
with the result of Ivchenko and Yalamov can still be used as a proxy value for predicting the 
thermophoretic force. A more accurate scattering will eventually lead to better approximations for the 
accommodation coefficients. In the transition regime, the results [1,2] match with the predictions of 
Beresnev and Chernyak [11] and the results of Young [12]. Both analytical predictions are not shown 
in the figure for clarity. 

Figure 2. (a) The result of the drag measurements for nitrogen, helium and argon in blue, green and orange,  
respectively.  The results are shown as the drag correction factor S(Kn) versus the Knudsen number. In purple, 
the result of Allen and Raabe [6] can be seen. (b)  The result of the thermophoretic force measurements for 
nitrogen, helium and argon in blue, green and orange, respectively.  The results are shown by normalizing the 
data with the result of Waldmann [8]. The solid lines are the limits of Ivchenko and Yalamov [9] with their 
corresponding energy accommodation coefficients (α_e). 
 

71



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows – NEGF26  
25-27 March, 2026 –Toulouse, France 

 

4

 
 
 
 
 
 
Table 1. The results of the momentum and energy accommodation coefficients by measuring the drag 
and thermophoretic force in the free-molecular limit, respectively.  

Conclusions 

We have conducted experiments and measured the drag and thermophoretic force of microparticles in 
rarefied flows over the entire transition regime and into the free-molecular regime. By measuring these 
forces in the free-molecular limit, we can experimentally find proxy values for the momentum and 
energy accommodation coefficients for nitrogen, helium and argon. The effects of these coefficients can 
be seen in the entire transition regime. For future research, we will look into the effects of rarefaction 
on the drag and thermophoretic forces of nonspherical particles and rarefaction effects of the system on 
the particle.  
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Gas 
Momentum  
accommodation coefficient 

Energy  
accommodation coefficient 

Nitrogen 0.96 ±0.08 1.18 ±0.01 
Helium 0.9 ±0.1 0.15 ±0.03 
Argon 1.0 ±0.1 0.83 ±0.03 
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ABSTRACT

Multiscale rarefied gas dynamics play a central role in a wide range of technological applications,
from micro-electro-mechanical and micropropulsion systems (1; 2) to planetary atmosphere entry and
hypersonic flight (3; 4). These flows often span the entire spectrum of gas rarefaction and thus require
modeling approaches capable of capturing the continuum, slip, transition, and free-molecular flow regimes
both accurately and efficiently. Conventional continuum descriptions based on the Navier-Stokes-Fourier
(NSF) equations are efficient and accurate in the continuum and slip regimes but break down in transition
and free-molecular flows, where reduced intermolecular interactions invalidate linear constitutive laws.
On the other hand, the direct simulation Monte Carlo (DSMC) method (5) is valid across all regimes but
becomes computationally prohibitive in the continuum limit due to its time-step and cell-size limitations.

To address this challenge, hybrid continuum-DSMC methods have been developed, coupling finite-
volume computational fluid dynamics (CFD) solvers with DSMC to resolve continuum and rarefied
regions, respectively. Domain decomposition (DD) methods (7; 6) and heterogeneous multiscale (HM)
approaches (8; 9; 10) have been explored, with several general-purpose solvers now available. However,
coupling distinct CFD and DSMC solvers introduces significant numerical and practical difficulties.
These include the need for robust data exchange across solver boundaries, potential instabilities due
to DSMC statistical noise propagating into the CFD region, and reduced efficiency in both steady and
unsteady flows due to iterative coupling and large particle requirements (in the order of thousands per
cell), respectively (11).

Therefore, recent efforts have focused on alternative multiscale particle-based methods. The Stochas-
tic Particle (SP) (12), Unified Stochastic Particle (USP) (13), and Crank-Nicolson Stochastic Particle
(CNSP) (14) approaches replace DSMC’s collision step with BGK-type relaxation models, allowing the
use of larger cells and, in the case of USP and CNSP, removing time-step constraints associated with
collision dynamics. Although efficient in the continuum and slip regimes, these methods lose accuracy
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in the transition and free-molecular regimes since simplified expressions are used to replace the original
Boltzmann collision operator. To overcome this, hybrid particle-particle schemes such as SP-DSMC and
USP-DSMC have been proposed, combining the efficiency of SP-type schemes in continuum regions
with the accuracy of DSMC in rarefied conditions.

Recently, the uniGasFoam solver has been developed as an open-source framework for particle-based
multiscale rarefied gas flows (11). Developed entirely within OpenFOAM, uniGasFoam was built on the
established dsmcFoam+ solver and offered versatile simulation capabilities, including full DSMC, SP,
and USP methods, as well as hybrid SP-DSMC and USP-DSMC approaches. However, uniGasFoam is
restricted to monoatomic gas flows, which greatly limits its applicability to real-world problems. In this
work, uniGasFoam is extended to polyatomic gas flows by implementing the polyatomic ESBGK model
developed by Mathiaud et al. (15).

The algorithm of the uniGasFoam solver closely follows that of a conventional DSMC solver. Ini-
tially, simulation input data are read from their respective dictionaries, and computational particles are
stochastically initialised within the flow domain. Upon starting the simulation, each time step follows a
structured sequence of steps. First, particles are moved deterministically, and boundary conditions are
applied. Next, macroscopic quantities of interest such as density, temperature, and velocity are sampled.
In the case of a hybrid simulation, the flow domain is decomposed into continuum and rarefied regions
based on the applied breakdown criteria, at a user-defined frequency. In uniGasFoam, the domain decom-
position is based on the maximum gradient local-length Knudsen number criterion

KnGLL = max(Knρ,KnTtr ,Knu), Knϕ =
λ

ϕ
|∇ϕ|, (1)

where λ denotes the gas mean free path, while ρ, Ttr and u denote the macroscopic gas density, trans-
lational temperature and velocity vector, respectively. In rarefied cells, binary DSMC collisions are per-
formed, while in continuum cells, particles relax to an underlying target distribution depending on the
implemented SP or USP model. After the collision step, the macroscopic quantities of interest are aver-
aged and outputted. The algorithm then proceeds to the next time step and repeats the described process
until the final simulation time is reached.

Figure 1: Maximum gradient local-length Knudsen number KnGLL (top), along with SP-DSMC regions
(bottom) predicted by uniGasFoam.
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The hybrid module of uniGasFoam with the implemented polyatomic ESBGK model is validated in
several benchmarks, and the hypersonic flow past a cylinder is shown here (16). In the presented bench-
mark, nitrogen flow with number density n∞ = 1.61 × 1021 m−3, temperatures Ttr,∞ = Trot,∞ =
Tvib,∞ = 217.5K and velocity ux,∞ = 4510m/s past a cylinder with a diameter of D = 0.08m and a
constant temperature of 1000K is considered. These conditions correspond to a global Knudsen number
of Kn = 0.01 and a Mach number of Ma = 15. The maximum gradient local-length Knudsen number,
along with the continuum (SP) and rarefied (DSMC) regions are presented in Fig. 1, where it can be seen
that the domain decomposition, based on the local-length Knudsen number criterion is able to correctly
identify the non-equilibrium bow shock, Knudsen layer, and wake regions. In Fig. 2 the velocity magni-
tude, as well as the translational, rotational, and vibrational temperatures predicted by uniGasFoam and
dsmcFoam+ are provided. It is seen that the hybrid module of uniGasFoam is in excellent agreement with
dsmcFoam+ for the velocity magnitude, as well as the translational and rotational temperatures, while
some discrepancies can be observed for the vibrational temperature at the post-shock region. Regard-
ing the computational cost, both simulations were run using the same numerical parameters utilizing 10
cores of an AMD Ryzen Threadripper 1950X. In this specific case, the hybrid uniGasFoam simulation
was 8.5 times faster than the full DSMC one.

Figure 2: Comparison of (a) velocity magnitude, (b) translational, (c) rotational and (d) vibrational
temperature obtained by uniGasFoam (solid lines) and dsmcFoam+ (colour flood).

In conclusion, the multiscale particle-based uniGasFoam solver has been extended to polyatomic
gas flows. The polyatomic gas module of uniGasFoam has been validated in several benchmarks and
the hypersonic flow past a cylinder has been presented here. It is evident that, the hybrid SP/DSMC
approach accurately captures the underlying non-equilibrium phenomena, yielding results in excellent
agreement with pure DSMC while significantly reducing the required computational cost. Future devel-
opment of uniGasFoam will focus on extending its capabilities to include multi-species gas mixtures,
further enhancing its versatility for complex gas flow simulations.
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ABSTRACT 

Introduction 

 Employing the thermal transpiration effect, Knudsen pumps have been demonstrated for vacuum 
generation and micro-gas flow delivery in micro/nanoelectromechanical systems (MEMS/NEMS) 
platforms, for diverse applications such as micro-gas chromatography, gas separation and gas handling 
[1, 2]. These pumps use temperature gradients to enable the transport of gas under rarefied conditions 
without moving parts, allowing for robust and vibration-free operation. Significant thermal transpiration 
occurs in the transitional rarefied flow regime, where channel dimensions are on the order of the 
molecular mean free path λ, which corresponds to a rarefaction parameter δ near = 3.5 [3, 4], with  

𝛿 = 𝑝𝑟 𝜇𝑢0⁄ (1) 

where p, r, μ, u0 = (2RgT)ω, Rg, T, ω correspond to the local pressure, channel radius, fluid dynamic 
viscosity, most probable speed, gas constant, temperature, and gas viscosity exponent, respectively. 
 As a consequence, obtaining effective thermal transpiration at or above atmospheric pressure will 
require pumping channels with hydraulic diameters of around 600 nm, which introduces significant 
challenges in the design and fabrication of the device. Multiple pumping stages and parallel channels 
can be implemented to achieve greater pressure differences (ΔP) and mass flow (𝑚̇). As the operating 
pressure increases with the number of stages, the hydraulic diameter required to maintain transitional 
rarefied regime decreases inversely. While a reduction in channel size is necessary to optimize the 
maximum pressure difference (ΔPmax) at mean pressure Pmean above 1 atm, numerical modeling indicates 
that the maximum mass flow (𝑚̇max) increases monotonically with mean pressure. Hence, the 600 nm 
channel design is optimized for the initial atmospheric intake stage, with ΔP decreasing and 𝑚̇ no longer 
limited in the subsequent stages as the Pmean increases above 1 atm. 
 Several fabrication methods reported in the literature rely on conventional MEMS techniques such 
as photolithography, thin-film deposition, deep reactive-ion etching (DRIE), and wafer bonding to 
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define and seal microchannels with integrated heaters and thermal isolation [1]. Alternative approaches 
employ nanoporous membranes—such as anodic aluminum oxide (AAO), silica aerogels, or polymer 
membranes—to achieve high pore density and surface area for thermal transpiration [5]. More recent 
efforts have explored additive manufacturing techniques, such as two-photo-polymerization (TPP), to 
create tapered flow channels from IP-Q (Immersion Photoresist, Nanoscribe GmbH) photoresists [6]. 
 These techniques, however, present significant limits for the development of effective pumps 
operating around atmospheric pressure. For instance, the typical aspect ratio of DRIE is insufficient to 
create long, sub-micron channels required in a low-thermal-conductivity material like glass. Nanoporous 
materials like AAO, while offering high pore density, often introduce high flow impedance and restrict 
gas throughput. Furthermore, additive techniques like TPP, while precise, are serial in nature and 
impractically slow for fabricating over hundreds of thousands of parallel channels needed for sufficient 
mass flow. 
 To overcome these limitations, our work leverages a novel fabrication approach utilizing ultrafast 
femtosecond laser processing with nondiffracting Bessel beams [7, 8]. The quasi-distortion-free 
propagation of Bessel beams allows for the confinement of high-intensity light over extended distances, 
enabling the extremely fast, single-shot fabrication of taper-free nanochannels [9]. This technique 
directly addresses the primary challenge, as it can produce channels with sub-micron diameters 
(e.g., 200-800 nm), and exceptionally high aspect ratios (>100:1) at 1 kHz speed [8, 9], fulfilling the 
requirements to maintain the transitional rarefied regime at atmospheric pressure. 

Design 

 The Knudsen pump design is centered on the femtosecond Bessel beam fabrication technique used 
to create the nanochannel pumping structure. This structure consists of approximately 
300,000 nanochannels arranged in a dense hexagonal lattice to maximize channel density within a 
10×10 mm² footprint, centered on a 20×25 mm² Borofloat 33 glass sample (Fig. 1b). The channel 
geometry was selected based on kinetic modeling of thermal transpiration flows. While the Bessel beam 
method allows for sub-micron-scale channels, a critical fabrication constraint is maintaining an inter-
channel spacing of 10-20 µm to ensure the structural integrity of the glass and prevent cracking during 
processing. To create the thermal transpiration effect, a temperature gradient is established across the 
glass thickness. This is achieved by integrating localized heaters on the "hot side" near the nanochannels 
and silicon pillar heatsinks on the "cold side" (Fig. 1a). The heaters are composed of a multi-layer metal 
stack (titanium, titanium-tungsten, and gold). At the nanochannels locations, the top gold and titanium-
tungsten layers are selectively etched away, retaining a 20-nm layer of titanium that functions as the 
resistive heater. Conversely, the silicon pillar heatsinks leverage the high thermal conductivity contrast 
between silicon and glass to efficiently diffuses heat away from the cold side. Thermal simulations 
validate this design, predicting that a 10 W input power to the heaters generates a 47°C temperature 
difference across the glass thickness. 

 
Figure 1: Schematic of the Knudsen micropump design. a) Cross-sectional view illustrating the main components 
for generating the thermal gradient: the top heating circuit, the central glass substrate with nanochannels, and the 
silicon pillars acting as a heatsink on the “cold side” of the glass. b) Top-down layout of the device, showing the 
electrical gold pads and the central 10×10 mm² nanochannels array. c) Magnified view of the hexagonal 
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nanochannel lattice and gas inlet channels. d) Detailed schematic of the “hot side”, showing gold electrodes and 
the 20-nm titanium heaters around the nanochannels, with the underlying silicon pillars shown for reference. 

Fabrication and Testing 

 The device fabrication follows a multi-step MEMS process (Fig. 2). First, a 400 µm silicon wafer 
is patterned on its top side with 15 µm-high micro-pillars (heatsinks) via RIE (Fig. 2a), and gas inlet 
through-holes are etched from the underside using DRIE (Fig. 2b). This structured silicon wafer is then 
anodically bonded to the 500 µm-thick Borofloat 33 glass wafer (Fig. 2c). Next, the core array of 
nanochannels (0.6 µm diameter, 500 µm deep) is fabricated in the glass using the Bessel beam technique, 
aligned using pre-etched markers (Fig. 2d). 

   

Figure 2. Cross-sectional schematic of the main fabrication steps. a) RIE patterning of 15 µm-high silicon micro-
pillars (heatsinks) on the Si wafer. b) DRIE etching of gas inlet through-holes from the wafer's underside. c) Anodic 
bonding of the 500 µm-thick Borofloat 33 wafer to the structured silicon wafer. d) Bessel beam fabrication of the 
0.6 µm diameter nanochannels through the glass. e) Deposition of the 20 nm Ti / 322 nm Ti-W / 108 nm Au metal 
stack. f) Wet etching of the Au layer to define the low-resistance electrodes. g) Wet etching of the Ti-W barrier 
layer and the 20 nm Ti layer. h) Global etching of the Ti-W to define the final high-resistance heaters. 

 Finally, the heating circuit is fabricated by depositing a 20 nm Ti / 322 nm Ti-W / 108 nm Au 
multilayer stack (Fig. 2e). This stack is patterned via three sequential photolithography and wet-etching 
steps: (1) the Au is patterned (KI/I2 etchant) to define the low-resistance electrodes (Fig. 2f); (2) the Ti-
W layer—which also serves as a sacrificial mask to protect the nanochannels from photoresist—is 
patterned (H2O2) (Fig. 2g); (3) the Ti layer is patterned (dilute HF) to form the high-resistance heaters 
(Fig. 2g). A final global etch using H2O2 removes all remaining exposed Ti-W (Fig. 2h). 

 
Figure 3. Device assembly for experimental testing. (Left) Exploded isometric view of the test fixture, showing 
the M4x5 screws, the custom PCB, the Glass/Si nanochannel sample, the polymer sealing gasket, and the machined 
ISO KF50 centering ring. (Right) Bottom view of the PCB layout, illustrating the copper traces, the central aperture 
for the nanochannel footprint, the raised solder spots for electrical contact, and the through-hole vias that route the 
connection.  

 For experimental characterization, the device is integrated into a custom test fixture designed to 
interface with standard ISO KF50 vacuum fittings (Fig. 3). The core of the assembly consists of the 
Glass/Si sample mounted onto a machined KF50 centering ring, which features a 12×12 mm² gas inlet 
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and blind tapped holes. A thin polymer gasket is sandwiched between the sample and the centering ring, 
creating a hermetic seal for microfluidic testing upon compression. Electrical contact with the device's 
heaters is achieved using a custom FR-4 PCB. This PCB is aligned over the sample so that its copper 
traces make contact with the metal pads on the glass. To ensure reliable electrical contact, small solder 
protrusions are deposited on the PCB's pads. Through-hole vias route the electrical paths from these 
bottom-side pads to top-side terminal pins, allowing for connection to an external power supply. The 
PCB, sample, polymer gasket, and centering ring stack are fastened and compressed by four M4x5 
screws, ensuring both electrical connection and a leak-tight fluidic seal. 

Conclusion and Perspectives 

 This work presents the design and fabrication of a Knudsen micropump optimized for operation at 
atmospheric and over-atmospheric pressures. To address the submicron hydraulic diameter requirement 
for optimal thermal transpiration at these pressures, we utilized ultrafast Bessel beam laser processing 
to fabricate high-aspect-ratio nanochannels in glass. Following fabrication, a series of experimental 
characterizations are planned. The pump performance will be evaluated through both temperature-driven 
and pressure-driven tests. The primary objective is to quantify the mass flow and pressure rise generated 
by the device. This will be achieved using the constant volume technique [10]. Mass flow rates will be 
calculated by measuring the rate of pressure change in a known volume, captured using two high-
precision absolute capacitance diaphragm gauges (CDGs) and a differential pressure sensor placed at 
the pump's inlet and outlet volumes. 
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ABSTRACT

Aerothermochemistry is a multidisciplinary domain coined by von Kármán, that integrates fluid mechan-
ics, thermodynamics, and physical chemistry. An innovative application of aerothermochemistry is cur-
rently investigated at the von Karman Institute (VKI): satellites orbiting at lower altitudes than con-
ventional satellites, between 120 and 300 km, in the region called Very Low Earth Orbit (VLEO). For
comparison, satellites in Low Earth Orbit, such as those of the Starlink constellation, typically oper-
ate at altitudes above 340 km. Benefits can be obtained in terms of resolution performance for optical
and radio instruments, as well as a more favorable link budget for communication. In VLEO, however,
even using electric propulsion, the amount of propellant required to compensate for the atmospheric
drag becomes economically and operationally inconvenient as mission duration increases [4]. The Air-
Breathing Electric Propulsion (ABEP) concept proposes to collect the tenuous atmospheric gas and use
it as the propellant, instead of carrying it from launch. The concept is illustrated in Figure 1, which shows
a 3U CubeSat version of an ABEP spacecraft. In the design initially proposed by Nishiyama et al. [11],
ABEP uses an intake to collect and compress the gas, placed either in the front or on the lateral surfaces
of the spacecraft. The wing-shaped solar panels in the illustration of Figure 1 highlight the important
aspect of external aerodynamics for satellites in VLEO. Aerodynamics is important for stabilization and
drag reduction, but also possibly for attitude control and orbital maneuvering [5].

* Corresponding author

1

NEGF26-713744

82



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

Figure 1: Artist’s impression of an ABEP CubeSat in orbit. The graphics are an adaptation of the “Kelpie”
3U CubeSat from AAC Clyde Space [1]. Picture of the Earth by NASA/ISS Expedition 55. The atmo-
spheric intake is visible as the grid aperture in the front of the spacecraft.

The high vacuum facility DRAG-ON was commissioned at VKI in 2021. It has been designed with
the objective of measuring the performance of intakes for ABEP systems. As shown on the left in Fig-
ure 2, the facility is composed of bead-blasted stainless steel chambers connected by a test chamber
that houses the ABEP intake model. Pressure is monitored in each chamber using MKS 370 Stabil-Ion
hot-cathode gauges. The pumping system consists of two turbomolecular pumps backed by two rotary
vane mechanical pumps. It provides a combined pumping capacity of 4.5 l/s which allows for reaching
ultimate pressures of approximately 2 µPa and pressures of the order of 1 mPa under typical operating
conditions. While the operating pressure in the facility is larger than that found in VLEO, the degree of
rarefaction in the facility (Kn≈ 40) is close to the free molecular flow limit, and guarantees that the flow
dynamics in the intake should be dominated by gas-surface interactions.
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Figure 2: On the left, a drawing of the VKI DRAG-ON facility, with dimensions in mm. The facility
consists of two vacuum chambers. The Particle Flow Generator is placed in the larger chamber, and the
intake under test is placed in the connecting duct between the two chambers. The smaller chamber acts
as a plenum to measure the pressure. The pictures on the right show the PFG in operation with argon
(top) and oxygen (bottom).

In the larger chamber of the facility, the LTA100 plasma source [16] developed by ThrustMe is used
to generate the flow of particles at approximately 8 km/s that aims to reproduce the flow encountered
in orbit. The PFG is shown in operation in Figure 2 with argon (top) and with oxygen (bottom). The
dual-chamber configuration allows us, after a calibration procedure, to measure the transmissivity of the
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intake model, which is placed between the two chambers, to the particle flow [6]. Using a plasma source
as a particle flow generator (PFG) has the advantage of reproducing the real flow velocity, which means
that particle-surface interaction occurs at kinetic energies representative of the orbital conditions.
By measuring the transmissivity, the facility provides an indirect measure of the scattering mechanism at
the intake’s surface, which can, in principle, be related to more direct measurements performed in beam
scattering experiments [7]. Operation with a plasma source, however, results in undesired effects due
to the fact that charged particles are affected by electric fields. By developing models of the scattering
process and by reproducing the experiments numerically, we aim to take these effects into account.
Careful calibration of the models can then be used to extrapolate the performance measured in the facility
to orbital conditions. Here, we briefly summarize the models, methods, and results of the numerical
reproduction of the DRAG-ON facility.
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Figure 3: Angular flux distributions (left) and fractional energy transfer (right) for O + A-Al scattering
at 60° incidence. Experimental data are compared the WB model. Figure adapted from Jorge et al. [7].

SURFACE SCATTERING MODELS

Charged and neutral particles can collide and react with solid surfaces according to some gas-surface
interaction (GSI) model. For instance, particles can be deleted or re-emitted as a different species (accord-
ing to a specified probability) to simulate absorption and reactions.
The way a particle is scattered can in general be described by a conditional probability distribution
function K(v′ → v) called “scattering kernel”, where v′ and v are the pre- and post-collision particle
velocities, respectively. In particle methods, such models define how the reflected particle’s velocity is
sampled. In particular, in the present work, we mainly use three GSI kernels: Maxwell’s model [2], the
Cercignani-Lampis-Lord (CLL) kernel [10], and the “modified washboard” (WB) kernel [9].
The parameters of the WB kernel were fitted based on molecular beam-surface scattering experiments
of 5 eV O atoms from a rough surface of aluminum with an Alodine chromate conversion coating [17].
The results show that scattering dynamics are broad but not diffuse, and O atoms scatter from the surface
retaining significant kinetic energy. The experimental data were used to benchmark four widely used
phenomenological and physics-based gas-surface interaction models [7]. The comparison revealed that
none of the four models accurately reproduced the detailed angular resolved experimental data or the
estimated macroscopic energy transfer. However, the WB kernel consistently outperformed the other
models, providing the closest agreement with both the angular trends and the energy transfer [7].
Figure 3 shows the molecular beam-surface scattering data for the Alodine coated aluminum and the
corresponding WB model fits for an incidence angle of 60 degrees. The model particularly excels at
capturing the energy transfer, which exhibits a clear dependence on the deflection angle, as expected
for scattering in the structure regime. Additionally, the WB model satisfies the reciprocity condition (as

3

84



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

well as normalization and positivity) which is particularly important for internal flows because it ensures
that a non-equilibrium gas (such as the high-velocity beam entering the intake) correctly relaxes to an
equilibrium distribution after successive collisions with the intake walls [9, 7].

NUMERICAL REPRODUCTION OF THE FACILITY

Plasma can be considered collisionless in the conditions at which it leaves the plasma source. The
Particle-in-Cell (PIC) method [3] can accurately represent a plasma in the translational nonequilibrium
state that results from a low degree of collisionality. In the present work, we will perform simulations
using the PANTERA PIC-DSMC code, developed at VKI [12]. Using this method, ions and electrons are
simulated fully kinetically, and evolve consistently with Poisson’s equation for electrostatics, accounting
for the charge density of the particles.
We simulate the flow from the exit section of the plasma source into part of the vacuum chamber and
through the intake model. We consider three simulation cases: in Simulation I only neutral gas is emitted
from the plasma source. In Simulation II, the accelerated ions are simulated. Simulation III considers the
ideal case in which neutrals are emitted from the source in the same conditions as for the orbital flow.
In all cases, the particles reaching the intake’s walls are neutralized and are reflected using one of the
surface scattering models described in the previous section.
We assign a uniform potential φPFG = 6 V at the exit plane of the source. This, together with the ion
temperature of 500 K, has been estimated by fitting the ion velocity distribution function (IVDF) acquired
using a retarding potential analyzer probe placed in front of the PFG.

1011 1012 1013 1014 1015

ni [m−3]
Ions Number Density (log)

(a)

0 2000 4000 6000 8000
ui,x [m/s]

Ion Axial Velocity

(b)

Figure 4: Result of Simulation II averaged at steady-state. The panels show plots of (a) the density of
ions, (b) their axial velocity and velocity streamlines.

By inspecting the results of Figure 4, one can see that the residual electron pressure at the outlet of the
plasma source causes the plasma beam to expand, such that a large part of the useful flow rate is lost to
the walls. In fact, only 15% of the ions emitted by the PFG enter the intake. In addition, the expansion
causes the beam to reach the intake entrance with significant divergence, which is not the case for the
neutral beam (or the in-orbit scenario). In addition, the plasma sheath developing at the surface of the
intake model further deflects ions towards the wall, such that these reach the surface with angles of
15-25 deg with respect to the surface (Simulation II), instead of less than 5 deg when this effect is not
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present (Simulation III). This negatively affects the accuracy with which the orbital flow is reproduced
in DRAG-ON, and clearly is a factor to be taken into account.
We also found that the transmissivity of the intake is very sensitive to incomplete accommodation of
the tangential momentum (αt in the CLL model), even in the case where the flow is not composed of
fast, directed particles but is just thermalized gas emitted from the PFG (Simulation I). The values of the
transmissivity obtained with the WB model, which is calibrated using beam scattering experiments, are
definitely closer to those obtained with diffuse reflections than to those obtained with the CLL model,
meaning that an αt > 0.9 would surely be required if one chooses to adopt the CLL model. A detailed
description of the numerical setup and analysis of the results can be found in [14, 13].

CONCLUSIONS AND FUTURE PERSPECTIVES

We have conducted an experimental and numerical investigation of the transmission probability of
plasma beams through an intake model of an ABEP system. We find good agreement between numeri-
cal and experimental values, and illustrate how plasma beam experiments and simulations can be used
to characterize the aerodynamic performance of intakes for ABEP systems. Notably, the plasma source
employed in DRAG-ON successfully reaches particle energies that match those encountered in orbit.
Additionally, these simulations helped us gain more insight into the phenomena that affect this novel type
of low-density plasma-based aerodynamic testing. We identified and quantified the differences between
the plasma beams produced in DRAG-ON and the neutral flow encountered in orbit. While these discrep-
ancies cannot be fully removed, calibration and input from simulations such as the ones presented here is
crucial to offset them, extrapolate to flight conditions, and extract information on gas-surface scattering
dynamics under complex internal flow conditions.
The biggest flaw in the simulations presented remains the uncertainty in the boundary conditions with
which the plasma leaves the PFG. For instance, in the electron temperature or velocity distribution.
Further plasma diagnostics, both at the PFG outlet and in proximity of the intake, are planned in the
future and will help reduce these uncertainties. It should be recognized, however, that spatially resolved
plasma diagnostics (e.g. using Langmuir, RFEA, and E×B probes) are intrusive measurement techniques
and themselves often present large uncertainties. Furthermore, future efforts will explore the development
of neutralization techniques to eliminate plasma-related effects, as well as testing with oxygen [15, 8]
and nitrogen beams to further improve the fidelity of orbital condition duplication.
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ABSTRACT

Modeling rarefied gases requires frameworks beyond classical fluid descriptions, as the Navier-Stokes
and Fourier equations fail in non-equilibrium regimes. Kinetic theory provides a fundamental formula-
tion via the Boltzmann equation, describing the time evolution of the particle distribution function in
phase space. Direct solution of the Boltzmann equation is computationally challenging due to the high
dimensionality of the velocity space and the nonlinear nature of the collision operator.
Moment methods provide a systematic reduction by projecting the kinetic equation onto a finite set of
velocity moments. Each moment corresponds to an integral of the distribution function against mono-
mials of velocity, and represents macroscopic quantities such as density, momentum, and higher-order
fluxes. The resulting system is an open hierarchy, since the evolution of the n-th moment depends on
the (n + 1)-th moment, necessitating a closure relation. Classical approaches, such as Grad’s Hermite
expansion [1] and maximum entropy closures [2, 3], perform well in one-dimensional problems but face
difficulties in higher dimensions or far-from-equilibrium regimes. While Grad’s closure fails to preserve
key structural properties like hyperbolicity in these regimes, maximum entropy closures maintain many
such properties at the cost of significant computational effort.
The Gramian closure [5], recently proposed for 1D moment systems, constructs orthogonal polynomi-
als using the Gram matrix, whose entries are inner products of velocity monomials weighted by the
distribution. This allows for an explicit expression of the next higher-order moment in terms of known
lower-order moments, avoiding the reconstruction of the underlying distribution function. Even and odd
moment orders can be treated with extended Gramian formulations, allowing control over hyperbolicity
and equilibrium preservation. Numerical studies in 1D show that Gramian closures are competitive with
classical closures.
Extending this methodology to three-dimensional moment tensors introduces additional challenges: the
number of independent tensor components grows rapidly with the moment order, and a direct 3D Gramian
closure is not straightforward. To address this, we propose a reduction strategy: the 3D moment tensor
is transformed under a set of rotations exploiting symmetry and rotational invariance. Each rotation pro-
duces a one-dimensional projection along a chosen axis, allowing the 1D Gramian closure to be applied
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independently. By collecting the resulting 1D closure outputs for multiple rotations, we obtain a linear
system whose solution reconstructs the full 3D higher-order moment tensor.
This talk will present the method of moments for kinetic equations and introduce the Gramian clo-
sure, a novel approach based on orthogonal polynomials that provides explicit formulas for higher-order
moments from given lower-order moments. We then show how this closure, originally developed for
one-dimensional systems, can be extended to multidimensional moment tensors using a rotation-based
reduction strategy, allowing the 1D closure to be applied along multiple axes and reconstructing the full
3D higher-order moments efficiently while preserving key tensorial properties such as symmetry and
trace invariance.
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ABSTRACT

The gas flow rate generated by a temperature difference across a bundle of optical fibers is studied
experimentally. The measured data are compared with the mathematical model developed previously.

Introduction

A temperature gradient along the solid can induce a gas to flow from the cold side toward the hot side.
This phenomenon, known as thermal transpiration or thermal creep, was first discovered by Reynolds [1]
and later studied by Maxwell and Knudsen [2], [3]. The intensity of thermal creep is proportional to the
Knudsen number

Kn =
ℓ

a
, (1)

where ℓ is the equivalent free path of gas molecules, a is the characteristic flow dimension. Ther-
mal transpiration becomes significant when the molecule-wall collisions are not-negligible compared
to molecule-molecule collisions, i.e. Kn > 0.01. Under such conditions and starting from an initial
pressure equilibrium, the gas moves macroscopically from the colder region toward the hotter one, start-
ing from an initial pressure equilibrium. This phenomenon has recently attracted renewed interest due
to the rapid development of micro-and nano-technologies. Its effects may be beneficial - enabling flow
driven solely by a temperature gradient - or detrimental, for example, when inducing unwanted flows
inside pressure gauge and thereby distorting measurements.
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Experiment

The objective of this study is to experimentally characterize gas flows through a micro-porous sample
induced by a temperature difference across it. To simplify the complex geometry of real porous medium,
we first select a bundle of parallel capillaries, a porous-medium model frequently used in theoretical
studies.
The experimental setup is shown in Fig. 1. This setup is an improved version of that used previously in
[4], [5], [6], [7]. The sample consists of 60 optical fibers, made from pure silica, each fiber containing
60 capillaries (radius a = 2.95 ± 0.3µm, length L = 5cm), Fig. 2. This bundle of capillaries is placed
between two tanks whose temperatures are controlled by the hot and cold water circulations (thermal
baths). The entire experimental setup is housed incide an insulated box. Three pressure sensors are used:
two Capacitance Diaphragm Gauges (CDG), full scale 1000 Torr and 100 Torr, denoted by P1 and P2,
depending on the desired initial pressure range, and a differential pressure sensor (±100 Pa), denoted
dP , which measures the pressure difference between the two tanks, with higher precision. K-type ther-
mocouples are installed at different points in each reservoir to monitor the temperatures on both sides.

Tank 1

dP

P1 P2

Porous sample Heat exchangerHeat exchanger Tank 2

Figure 1: Experimental apparatus with two absolute pressure gauges, P1 and P2, and a differential pres-
sure gauge dP.

The experimental procedure consists of several phases. The experiment begins by filling both reservoirs
with the test gas. The bypass valve B remains open until an initial steady state is established, during
which gas flows from the cold to the hot side due to temperature difference. The associated mass flow
rate is denoted by MT. At this stage, the pressure is uniform throughout the system and it is denoted
pini. The bypass valve B is then closed while the gas continues to flow from the cold side to the hot side.
This causes the pressure in the hot reservoir to increase, creating a counterflow of Poiseuille type flow,
denoted byMP, driven by emerging pressure difference. The final steady state is reached when both mass
flow rates become equal. At this equilibrium, a constant pressure difference is established between the
tanks, this is the Thermomolecular Pressure Difference (TPD).

Results and discussion

Measurements have been performed for two single gases: argon and CO2, using a fixed temperature
difference of 40◦C between the hot and cold sides. Figure 3(a) shows the pressure evolution in the
hot and cold reservoirs measured with the absolute pressure sensors. Figure 3(b) presents the pressure
difference, ∆p = ph − pc, measured by the differential pressure sensor. The asymptotic value of this
curve corresponds to the TPD. The measured pressure difference is fitted using two parameters: the TPD
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and the characteristic time, τ , which describes the dynamics of the pressure evolution after the bypass
valve is closed. The experimental uncertainties associated with the measurements performed using the
setup arise from the hot and cold tank volumes (uV ), fiber radius (ua), fiber length (uL), time (ut), gas
temperature (uT ), and gas pressure (up), the later depending on their measurement range.
The mass flow rate can be related to the measured parameters via the following equation:

Ṁ =
V eff
Tc

RTc

TPD
τ

exp

(
− t

τ

)
, (2)

where V eff is the effective volume.

Conclusion

The pressure variation and pressure difference across a bundle of optical fibers have been measured. From
these data, the mass flow rate, the thermomolecular pressure difference, and the characteristic time have
been obtained for argon and CO2 under an applied temperature difference at the ends of the capillaries.

(a) (b)

Figure 2: (a) a cross-section of an optical fiber with 60 capillaries, (b) whole sample with 60 optical
fibers.

(a) (b)

Figure 3: Measurements with CO2: (a) Pressure variation in hot and cold side, (b) the pressure difference
between two tanks.

3

92



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

The results are compared with the previously developed numerical model [8]. Future work will include
measurements of the temperature gradient driven gas-mixture flows through this bundle of capillaries as
well as through real porous samples.
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ABSTRACT 

The growing population of space objects in Earth orbits, driven by increasing commercial and defense 

activities, poses a significant threat to existing satellites and future launches. It also raises serious 

concerns about the long-term sustainability of space operations. Alongside ongoing efforts in active 

debris removal and mitigation, exploring very low Earth orbit (VLEO, < 400 km) as a sustainable 

alternative platform has gained considerable momentum in recent years [1]. Operating at lower altitudes 

offers advantages, including increased payload and launch efficiency, improved observation capacity, 

as well as environmental benefits such as reduced collision risk and natural orbital self-cleaning¹. 

However, VLEO environments are characterized by a high concentration of reactive atomic oxygen 

(AO) that interacts with spacecraft surfaces at hyperthermal orbital velocities (~7.5 km/s), resulting in 

increased drag and surface degradation [2]. While atmospheric drag in the VLEO regime facilitates the 

natural removal of orbital debris and supports the end-of-life disposal of decommissioned satellites 

through targeted re-entry, it also causes active satellites to lose altitude rapidly [3]. Thus, accurate 

estimation of the drag force is crucial for spacecraft in VLEO orbit to develop effective drag 

compensation and control strategies, predict orbits, avoid collisions, and aid in the development of low-

drag materials [4]. Moreover, the VLEO environment is highly rarefied, resulting in a less free-

molecular collision regime, characterized by a high Knudsen number, Kn=λ/L, where λ is the mean free 

path, and L is the characteristic length scale. In the VLEO regime (Kn > 10), where aerodynamics 

becomes atomistic, gas–surface interactions dominate over intermolecular gas-phase collisions. Thus, 

in rarefied VLEO conditions, drag and surface erosion arise not from continuum physics but from 

fundamental gas-surface interactions through the exchange of momentum and energy between gas 

particles and spacecraft surfaces [5]. 
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Figure 1 Schematic representation of atomic oxygen scattering on silica surface. 

This work examines the scattering of atomic oxygen on amorphous silica, a common satellite material, 

using reactive molecular dynamics (MD) simulations (see Fig. 1). A comparison of in-plane angular 

scattering distributions and directional energy transfer between MD calculations and experiments 

reveals excellent agreement (see fig.2). Based on physical insights from MD calculations, a new accurate 

gas-surface interaction (GSI) model has been proposed.  

Molecular Dynamics Simulations Methodology 

Surface Preparation 

Figure 2 illustrates the surface preparation process. Starting from the crystalline SiO₂ unit cell (mp-6945) 

shown in Fig. 2a, the structure was replicated to form a larger crystalline block (Fig. 2b). Through 

controlled annealing between 300 K and 4000 K, an amorphous bulk structure was obtained (Fig. 2c) 

with a final density of 2.23 g/cm³. Structural validation showed Si–O, O–O, and Si–Si bond lengths of 

1.58, 2.53, and 2.98 Å, and bond angles of 109.3° (O–Si–O) and 152.3° (Si–O–Si), consistent with 

experimental data. Finally, periodicity along one direction was removed, and vacuum layers were 

introduced to form a slab geometry (Fig. 2d), which was equilibrated to produce a thermally stable 

amorphous SiO₂ surface for gas–surface interaction simulations. 

 

 
Figure 2 Amorphous silica preparation process. (a) Unit supercell of SiO2. (b) Bulk crystalline silica structure 

replicated from a unit supercell of SiO2. (c) Bulk amorphous silica after the thermal annealing process. (d) 

Amorphous silica slab with surface formation. 
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Details of Gas-Surface Interaction Simulations 

Figure 4 illustrates the atomic oxygen (AO) scattering setup used to model gas–surface 

interactions in orbital conditions. AO particles with an incident energy of ~5 eV (corresponding 

to ~7.5 km/s orbital velocity) are introduced 10 Å above the SiO₂ surface at different incidence 

angles. The surface, equilibrated at the desired temperature, includes a 10 Å frozen bottom layer 

for stability, a thermostatted region to control temperature, and a free dynamic surface layer for 

realistic interactions. Each scattering event is simulated for 80,000 time steps with a 0.05 fs step 

size, ensuring complete AO–surface collisions. In total, 20,000 independent trajectories were 

performed to obtain statistically reliable results. 

 

 
Figure 3 Illustration of the interaction of AO with the SiO2 surface. The front-view image shows that the 

incident angle,𝜃𝑖, and reflected angle, 𝜃𝑟, are measured with respect to the are measured with respect to the 

surface normal axis. The detailed layer separation indicates the different regions maintained during 

scattering: the fixed bottom layers (gray region) ensure structural stability, the Langevin thermostat region 

(blue region) maintains the substrate temperature and the free, exposed layers with NVE (red region) 

capture the scattering dynamics. 

Validation with Molecular Beam Experiments 

The MD simulations of AO scattering were validated against molecular beam experiments by 

Minton et al., which investigated AO interactions with BSF-30, a silicon-based polymer that 

forms a thin silica layer upon AO exposure [6]. This layer provides a realistic analog for AO 

scattering from silica surfaces at an incident energy of ~4.9 eV and an incidence angle of 60° at 

300 K. In the simulations, particles were considered scattered if they crossed a threshold plane 10 

Å above the surface, while absorbed particles were excluded from the analysis. 

Figure 4a compares the in-plane angular distributions from MD and experiments. The MD results 

capture the characteristic lobular scattering pattern, including high-probability grazing-angle 

reflections and diffuse back-scattering, indicating thermal accommodation with the surface. 

About 23% of AO particles scattered impulsively, while the rest were temporarily adsorbed, and 

a small fraction (~4%) formed O₂ molecules. Figure 4b presents the directional energy transfer 

comparison, showing the average fractional energy loss as a function of the deflection angle. The 

96



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows – NEGF26  

25-27 March, 2026 –Toulouse, France 

 

4 

MD predictions (red squares) closely match the experimental data (blue circles), demonstrating 

that all scattering events are inelastic, with scattered particles carrying less energy than the 

incident flux. The MD accurately reproduces both forward- and back-scattered events across 

deflection angles of ~30°–210°, confirming that the simulations capture the essential physics of 

AO–silica interactions. 

Further Work 

The validated MD post-scattering data will be used to inform the new model, termed as diffuse-

Cercignani-Lampis-Lord (DCLL). Preliminary results are promising for the new model as it 

reproduces angular flux distributions observed in molecular dynamics and beam experiments, 

while preserving a structure suitable for implementation into particle solvers. The DCLL model 

has been tested further with different incident angles and surface temperature. 
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ABSTRACT

The study of rarefied gas dynamics aims to describe phenomena occurring in flows where the ratio of the
mean free path λ (length between particle collisions) and the characteristic length L of the system is rela-
tively large. This ratio, represented by the Knudsen number ε = λ/L quantifies the degree of rarefaction;
rarefaction effects become significant for ε ≳ 0.01, marking the onset of slip and transition flow regimes
[1]. These flows occur in both micro systems, where the characteristic length is small, and vacuum or
high-altitude flows where pressure is low and the mean free path is large. The study of rarefied flows
presents the opportunity to gain insight into the underlying phenomena, providing theoretical knowledge
applicable to growing disciplines such as biomedical and aerospace engineering.
This research lies within the domain of nonequilibrium thermodynamics, where the common assumption
of local thermodynamic equilibrium no longer holds [1, 2, 3]. In such regimes, the standard Navier–Stokes
–Fourier (NSF) equations fail to accurately capture the observed transport phenomena. Rarefied gas
flows are instead described microscopically by the integro–differential Boltzmann equation, which can
be solved numerically, but only at a high computational cost, making it impractical for large-scale appli-
cations. As an alternative, macroscopic extended moment equations are derived from the Boltzmann
framework. These models extend beyond the standard hydrodynamic variables (density ρ, velocity υ,
and temperature θ) to include higher-order moments such as the stress tensor σij and the heat flux vec-
tor qi to capture nonequilibrium effects. Common examples include the Grad-13 [4] and regularized
R13 equations [5, 6]. These equations have proven successful but are largely restricted to the idealized
Maxwell molecule model. The generalization of such models to more realistic molecular interactions is
a core aspect of this study.
Traditionally, the transport equations are derived from the Boltzmann equation for a specified molecular
interaction model, yielding specific values for equation coefficients [7]. This process involves lengthy
mathematical derivations and requires care to ensure kinetic theory and thermodynamic principles are
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preserved. Most notably, the second law of thermodynamics, which requires both the existence, and
strictly non-negative generation, of entropy. The implementation of these conditions can become unclear,
or even potentially neglected, in derived macroscopic equations. Instead, this research aims for thermo-
dynamic admissibility; to strictly and explicitly enforce the second law in the foundation of transport
equations by formulating a nonequilibrium entropy and its balance equation. There have been alternate
approaches for thermodynamic admissibility, for example, by using the GENERIC framework, but that
approach is restricted to Maxwell molecules [8].
To obtain molecular generalization and thermodynamic admissibility, we model rarefied gas flows phe-
nomenologically by constructing the most general formulation of 13-moment equations that are com-
patible with kinetic gas theory and an admissible formulation of entropy and the second law. To start,
we consider only linear equations and use the order-of-magnitude approach [9] to categorize Knudsen
orders. We start with second order in the Knudsen number (Burnett order [10]) which will be sufficient
for capturing the relevant phenomena but can and will be extended to higher orders in the future. As part
of the generalized construction, we split the traditional stress tensor and heat flux vector into all possible
contributions to the fluxes, and designate the so-called microscopic stress, πij , and heat flux ξi as only
components of the general or true stress and heat flux. The transport equations contain coefficients on
terms that are both familiar and not present in standard derivations [1] but maintain the integrity of the
expected tensor structures [11].
We gain some insight into the restrictions on coefficients through the second law (similar process to [6]).
To start, a quadratic entropy function is postulated and reads

η = η0 −
αρ
2
ρ2 − αυ

2
υkυk −

3αθ
4
θ2 − απ

2
πikπik −

αξ
2
ξkξk, (1)

with coefficients αi that will be determined along the way. Enforcing non-negative entropy generation
imposes algebraic constraints among the transport coefficients. Some coefficients are required to vanish,
others to share definite signs, and the remaining form an under-constrained system to be resolved by
some external approach, e.g., by fitting to existing kinetic theory data. The resulting admissible subset of
coefficients guarantees that all transport processes satisfy the second law.
Further, a Chapman–Enskog (CE) expansion [12] of the microscopic stress and heat flux provides further
insight on the coefficients by providing reference points for comparison to other models and coefficients
[10]. After application of these techniques, the most general thermodynamically admissible transport
equations to Burnett order (where stress and heat flux are implicitly first order) are presented in equations
(2-8) below, with βi representing the remaining transport coefficients. The equations are presented in
Einstein tensor notation with the angled brackets denoting a symmetric and trace-free tensor, noting that
the stress is implicitly symmetric. We pay particular attention to additional contributions in comparison
to equations of the same order, these additional terms are found to represent Knudsen layers at the
boundaries of the flow [1]. The mass balance contains no additional contributions and thus reads

∂ρ

∂t
+
∂υk
∂xk

= 0. (2)

The balance of momentum reads

∂υi
∂t

+
∂ρ

∂xi
+
∂θ

∂xi
+

∂

∂xk

(
βυ1ε

∂υ⟨i
∂xk⟩

+ βυ2πik + βυ3ε
∂ξ⟨i
∂xk⟩

)
= Gi, (3)

where the general stress has contributions from the velocity gradient, microscopic stress, and microscopic
heat flux gradient,

σik = βυ1ε
∂υ⟨i
∂xk⟩

+ βυ2πik + βυ3ε
∂ξ⟨i
∂xk⟩

. (4)
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The balance of energy reads

3

2

∂θ

∂t
+
∂υk
∂xk

+
∂

∂xk

(
βθ2ε

∂θ

∂xk
+ βθ3ξk + βθ4ε

∂πkl
∂xl

)
= 0, (5)

where the general heat flux has contributions from the temperature gradient, microscopic heat flux, and
divergence of the microscopic stress,

qk = βθ2ε
∂θ

∂xk
+ βθ3ξk + βθ4ε

∂πkl
∂xl

. (6)

The constitutive stress balance contains an additional second derivative of the temperature term and reads

∂πij
∂t

+ βπ1
∂υ⟨i
∂xj⟩

+ βπ2
∂ξ⟨i
∂xj⟩

− βθ4
απ

ε
∂2θ

∂x⟨ixj⟩
= −χπ

ε
πij , (7)

where απ remains from the entropy and χπ is a coefficient that can be determined for specific molecular
potentials.
The constitutive heat flux balance contains an additional derivative of the velocity gradient and reads

∂ξi
∂t

+ βξ2
∂θ

∂xi
+ βπ2

απ
αξ

∂πik
∂xk

− βυ3
αξ

ε
∂

∂xk

∂υ⟨i
∂xk⟩

= −χξ
ε
ξi, (8)

where αξ remains from the entropy and χξ is a coefficient that can be determined for specific molecular
potentials. After construction of the general transport equations and accompanying entropy, we find that
the second law enforcement created coupling between coefficients βυ3 and βθ4 which appear in the heat
flux and stress balances respectively. We are then left with an under-constrained system of conditions
for determining the following entropic and transport coefficients απ, αξ, βυ1 , βυ2 , βυ3 , βθ2 , βθ3 , βθ4 ,
βπ1 , βπ2 , βξ2 , χπ, χξ. To resolve this we look to align with existing equations or tune with available
experimental data. We expect alignment with well-known Grad-type moment equations [4, 13], their
regularization [1, 3, 5, 6] as well as Burnett-type models [1, 12, 13, 10] which provides a sense of
direction for coefficient fitting.
Further analysis comes from the construction of general boundary conditions by applying the second
law to a wall-fluid interface [6, 14] which introduces additional coefficients to ensure proper structure
and conditions for tuning that are coupled with the transport coefficients. Boundary conditions are tuned
to reduce to the established NSF limits, while maintaining compliance with kinetic theory for Maxwell
molecules [1]. From this reduction we have found further restrictions on the transport coefficients which
present the opportunity to solve the equations for further analysis.
In the coming months, a reduction of the equations to standard geometries such as Couette and Poiseuille
flows will be completed in time for presentation. These cases serve as valuable benchmarks because they
exhibit key rarefaction effects such as velocity slip, temperature jump, and cross-coupling between stress
and heat flux. The generalized model will be compared systematically with NSF, R13, and available
direct Simulation Monte Carlo (DSMC) [15] or molecular dynamics [16, 17] results to assess improve-
ments in the prediction of non-equilibrium quantities and to identify the influence of new terms intro-
duced by the entropy-based formulation. Optimization of remaining coefficients will be guided by match-
ing these benchmark solutions, yielding an effective closure model that captures molecular-scale infor-
mation at reduced computational cost.
Beyond the immediate formulation of 13-moment equations, the present framework establishes a system-
atic procedure for constructing higher-order, thermodynamically consistent models. After the analysis of
Burnett order, the equations will be extended to the Super-Burnett order [10, 18]. Further, the machinery
used to enforce the entropy inequality can be generalized to 26 or more moments, offering a path toward
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more comprehensive macroscopic equations that remain admissible by construction. Additionally, the
general formulation provides a structured foundation for coupling with data-driven techniques, including
artificial intelligence and machine learning, to identify coefficients. The training of general models to
flow data is a developing approach [19]. By ensuring that fitted models inherently satisfy the second law,
one can safely implement molecular or experimental data without violating thermodynamic consistency.
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ABSTRACT

Simple reacting spheres (SRS) model has been developed in [1] and further advanced in [2], [3], and
[4], In the SRS model, the molecules behave as if they were single mass points with two internal states
of excitation. Collisions may alter the internal states. A dense mixture of four species A, B, A∗, B∗,
consisting of hard spheres with diameters di and masses mi, where indices 1, 2, 3, 4 are for the particles
A, B, A∗, B∗, respectively. In contrast to the dilute gas regime, in this work the two-particle distribution
function of the mixtures, f (2)ij , is approximated (see, H. van Beijeren and M. H.Ernst, The modified

Enskog equation for mixtures, Physica 70 (1973), 225-242) not by f (2)ij ≈ fifj but by f (2)ij ≈ g
((2)
ij fifj ,

with fi being a one-particle distribution function of the mixtures and g
(2)
ij being the pair correlation

function of hard spheres at non-uniform equilibrium, with well known algebraic expression (see (2)).
I assume that when a hard-sphere A collides with another hard-sphere B, there is a probability αR
that A + B → A∗ + B∗, i.e., A∗ and B∗ are formed. I apply the same rule to the reverse reaction
A∗ + B∗ → A + B. Furthermore, mi and di denote the mass and the diameter of the i-th particle,
i = 1, . . . , 4, and reactions take place when the reactive particles are separated by a distance σ12 =
1
2(d1 + d2) = σ34 = 1

2(d3 + d4) and the kinetic energy associated with the relative motion exceeds the
activation energy: (1/2)µis

(
⟨ϵ, v−w⟩

)2 ≥ γi, with µis = mims
mi+ms

, the reduced masses. The conservation
of mass has the form m1+m2 = m3+m4, where mi denotes the mass of the i-th particle, i = 1, . . . , 4.
The corresponding nonlinear kinetic system has the form

∂fi
∂t

+ v
∂fi
∂x

= JEi + JRi , i = 1, 2, 3, 4, (1)

with JEi , the non-reactive (hard-sphere) collision operator,

JEi =
4∑

j=1

{
σ2ijλ

E
ij

∫∫

R3×S2+

[
f
(2)
ij (t, x, v′, x− σijϵ, w

′)− f
(2)
ij (t, x, v, x+ σisϵ, w)

]
⟨ϵ, v − w⟩ dϵdw

}
,

where S2+ = {ϵ ∈ R3 : |ϵ| = 1, ⟨ϵ, v − w⟩ ≥ 0}, ⟨·, ·⟩ being scalar product in R3, v′ and w′ are
post-collisional velocities of elastic encounters between i and j species, and λEij = λEji = 1 − αR, for
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(i, j) ∈ {(1, 2), (2, 1), (3, 4), (4, 3)}, and 1, otherwise. Here, σij = (di + dj)/2. Also, as stated above,

f
(2)
ij (x, v, x± σij , w)=g

(2)
(ij(x, x± σij)fi(x, v)fj(x± σij , w),

where g(2)ij (r1, r2) = g
(2)
ij (r1, r2, {ni}) is the pair correlation function for the mixture of hard-spheres at

non-uniform equilibrium with well known density expansion: g(2)ij (r1, r2) = exp(−βϕHSij (|r1 − r2|))×
{
1+

4∑

k=1

∫
V

(k)
ij (12 | 3)nk(t, r3)+

1

2

4∑

k=1

4∑

l=1

∫ ∫
V

(kl)
ij (12 | 34)nk(t, r3)nl(t, r4) dr3dr4+· · ·

}
, (2)

where ni(t, rj) are local densities of i specie at rj , β = 1/kBT , ϕHSij are the hard-sphere potentials, and

V
(k)
ij (12 | 3), V (lk)

ij (12 | 34), . . . , V (i1i2...ik)
ij (12 | 3 · · · k), i1, i2, . . . ik = 1 . . . , 4, (Husimi functions) are

the sum of all graphs of k labeled points which are biconnected, when the Mayer factor fij(r1, r2) =
exp(−βϕHSij (|r1 − r2|))− 1 is added. For hard-spheres mixture, the factors fij(r1, r2) = Θ(|r1 − r2| −
σij)− 1, where Θ is the step function. For i = 1, 2, 3, 4, the reactive terms, JRi , are given by

JRi = αRσ
2
ij

∫

R3×S2

[(
µij
µkl

)2

f
(2)
kl (t, x,v

⊙
ij, x−σijϵ, w⊙

ij)−f
(2)
ij (t, x, v, x+σijϵ, w)

]
Θ(⟨ϵ, v−w⟩−Γij)⟨ϵ, v−w⟩dϵdw.

Here, Γij =
√
2γi/µij , where µij =

mimj

mi+mj
are reduces masses and γi are the activation energies, and

Θ is the Heaviside step function.
The pairs of post-reactive velocities, (v⊙ij , w

⊙
ij) = (v‡, w‡) for i, j = 1, 2, with (v‡, w‡) being post–

reactive values for the (endothermic) reactionA+B → A∗+B∗ and (v⊙ij , w
⊙
ij) = (v†, w†) for i, j = 3, 4,

with (v†, w†) being the post-reactive velocities for the inverse (exothermic) reaction,A∗+B∗ → A+B.
Here 0 ≤ αR ≤ 1 is the probability for energetic enough particles to undergo reactive collisions. When
αR = 0, the system (1) is the inert collisional operator for hard-sphere mixture.

The pairs (i, j) and (k, l) are in the set of (i, j, k, l): {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}.

In contrast to a non-reactive four species mixtures, there is no mass conservation for the individual
species in the model considered here.
The convergence of the infinite Mayer virial expansion of g(2)ij in (2) is not known, instead, I consider a

truncated series g(2)ij in (2) with finite, but arbitrary, number of terms.

First, I show existence of an H-functional for system (1). This is the first result for dense reacting sys-
tems.

TheH-functional:HB(t)+Hcorr(t) consists of two parts: the kinetic part,HB(t) =
4∑
i=1

∫∫
fi log fi dvdx,

and the correlational part, Hcorr(t). The structure of Hcorr(t) is similar to the algebraic structure of the
equilibrium (non-uniform) entropy for the mixture of infinity system of hard–spheres. In addition, one
can identify that

−βHcorr = Aexcess with β = 1/kT,

where Aexcess is the excess free energy for the mixture hard-spheres in a non-uniform equilibrium.

Next, I construct approximate solutions to (1). Starting with L1 initial data, I utilize the conservation
laws and the H-function to show convergence of the approximate solutions to a solution of (1). This is
the first such existence result for dense reactive mixture.

Additionally, when αR = 0 (no reactive terms), system (1) becomes an inert dense mixture of hard
spheres (in this case one can consider any number of species with arbitrary masses) and this work also
provides the first global in time existence of a solution for the corresponding system.
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ABSTRACT

In recent years, stochastic approximations of the Boltzmann equation based on simplified collision oper-
ators have gained popularity for being a computationally affordable alternative to common approaches
such as Direct Simulation Monte Carlo (DSMC). Within these methods, collision operators constructed
from the Fokker-Planck equation have been widely studied given their promising potentials [7]. In fact,
the Fokker-Planck equation gives rise to a drift-diffusion process, which leads to a system of Stochastic
Differential Equations (SDEs) of Langevin type for the velocity and position of the particles. This, in
principle, allows for algorithms whose runtime is independent of the collision frequency (unlike, e.g.,
models based on jump processes such as the BGK method). Despite this potential, there still exist open
problems on constructing high-order solution algorithms based on the Fokker-Planck equation.

In this study, we focus on devising high-order time integration scheme for particles following SDEs
resulting from Fokker-Planck kinetic models. This is a relevant issue as it will be crucial for applying
Fokker-Planck methods in settings where the time-step is much larger than the mean-collision-time. Cur-
rently, time integration schemes for the position and velocity SDEs may not exceed first-order accuracy
[2, 3]. However improving the order of convergence is a challenging task given the statistical coupling
between velocity and position updates.

Following ideas of operator-splitting in Hamiltonian systems [1], we propose here a solution algorithm
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that allows high-order time integration of coupled SDE systems arising in the Fokker-Planck kinetic
description. We devise second-order integrators based on splitting methods, such as the symmetric Strang
schemes presented in [4, 5]. We further show that this approximation is potentially grid-free, making the
integration amenable to coarser grids. Then, following the strategy introduced in [8], we build on the
composition property of these schemes to design an arbitrarily high-order integrator.

Fokker-Planck equation and stochastic particle dynamics

We assume a monatomic, dilute gas. Given the molecular velocity distribution f(v, x, t) describing the
probability of finding a particle with velocity v ∈ R3 at time t ∈ R+ and position x ∈ R3, the linear-drift
Fokker-Planck equation [3] is given by

∂f

∂t
+ v · ∇xf =

1

τ
∇v ((v − U) f) +

kBT

mτ
∆v,vf. (1)

Here, T is the temperature of the gas, U is the bulk velocity, kB is the Boltzmann constant, m is the
molecular mass, and τ is a relaxation parameter which is function of the temperature. The above Fokker-
Planck equation gives rise to a consistent set of hydrodynamic equations with correct viscosity, yet wrong
Prandtl number [3]. It can be interpreted as a diffusive approximation of the Boltzmann equation [9].
While extensions to address the Prandtl number inconsistency have been pursued (e.g. see [2, 7]), here
for simplicity we focus on the linear-drift model.

The difficulty of devising a high-order time integration scheme based on Eq. 1 is already evident given
that U, T, τ depend on f , through its moments. Assuming constant temperature and only focusing on
variations of U , the Langevin dynamics corresponding to Eq. 1 takes the form

dVt = −(1/τ) (Vt − E [Vt|Xt]) dt+
√
2kBT/(mτ)dWt (2)

and dXt = Vtdt, (3)

where (Vt, Xt) are stochastic processes corresponding to a particle’s velocity and position, respectively,
and Wt is a 3-dimensional standard Brownian motion. The conditional expectation is given by E[.|.].

What is important to note here is the presence of the expectation of the velocity conditional on the
position, which arises given that the bulk velocity is a moment of f . This induces a coupling between
position and velocity. In the absence of position dependency, Eq. 2 can be integrated exactly (see [?]),
however the spatial dependency renders the scheme essentially first-order when spatial variations appear.

Constructing second order splitting methods

Splitting methods rely on additive decomposition of the generator of a (stochastic) differential system
such that each term can be integrated accurately. In our case, given the generator L corresponding to Eq.
1, we split it into three generators LA, LB and LO.

LA(f) = −v · ∇xf (4)

LB(f) = −U
τ
· ∇vf (5)

LO(f) =
1

τ
∇v(vf) +

kBT

mτ
∆v,vf (6)

Note that the SDEs generated by LA and LB can be solved through a forward-Euler scheme and, as
previously remarked, the one generated by LO has an exact integrator. Of particular interest for us are
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the Strang-symmetric splitting methods [6]. These methods rely on the symmetric application of the
operators, evolved either with a full timestep (dt) or half a timestep (dt/2). For example, the ABOBA
method [4] is such that the operators are applied in the following order:

(dt/2)LA → (dt/2)LB → dtLO → (dt/2)LB → (dt/2)LA, (7)

and analogously, the BAOAB method can be designed in the same way [4, 5]. Following these, we
achieve second-order time integration scheme of SDEs 2-3 as shown in Fig. 1.

Besides careful construction of operator splitting, we require high-order approximation of the conditional
expectation. In particular, we employ a polynomial approximation g(Xt) ≈ E [Vt|Xt]. The motivation
lies in the fact that the Strang symmetric schemes are second-order accurate for drifts which are polyno-
mial in space [4, 5]. We apply a moment matching strategy [2, 7] to determine g. Following this strategy
we choose

g(X) =
N∑

k=1

αkHk(X), (8)

whereN is some integer, {Hk(X)}1≤k≤N is a set of polynomials of increasing k-th order, and {αk}1≤k≤N
is a set of multi-indices in R3. In a similar way as carried on in [2, 7], we can determine the coefficients
by fixing the same number of moments {E[Hk(V )]}1≤k≤N whose evolution in time we want to match,
and solve the system of equations

N∑

k=1

αkE[Hk(X)Hj(V )] = E[V Hj(V )], 1 ≤ j ≤ N (9)

obtained by multiplying Eq. 1 by Hj(v) and integrating over v.

An interesting aspect of this method is that, in principle, it offers a grid-free time-integration of the
SDEs 2-3, since the coeffcients {αk}1≤k≤N are global and do not depend on space.

Figure 1: Weak order of convergence of methods ABOBA and BAOBA, for a test drift function g(X) =
X2 +X3 and τ = 2kBT/m = 1, with averages taken over 105 particles.
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ABSTRACT

Introduction

The kinetic theory for polyatomic gases is less developed than that for monatomic or diatomic
species, despite its critical importance for modern challenges in aerospace, laser technologies, and low-
temperature plasmas. For instance, simulating high-enthalpy nonequilibrium carbon dioxide flows is
vital for planning missions to Mars and Venus, whose atmospheres primarily consist of CO2. Another
application is studying the mechanisms of non–thermal vibrationally-driven CO2 decomposition.

The key difficulty in modeling such flows is the complex internal structure of molecules, which intro-
duces additional relaxation channels due to intramode and intermode vibrational energy exchanges. In
recent years, significant progress has been made in the theoretical description of nonequilibrium kinetics
of carbon dioxide [1, 2]. However, accurate modeling of coupled vibrational and chemical relaxation,
when each process significantly affects the others remains challenging.

Depending on the flow conditions and kinetic scaling, different modeling approaches are used, rang-
ing from detailed state-to-state (STS) to simpler multi-temperature (MT) models. To combine the accu-
racy of the STS model with the efficiency of MT ones, a hybrid multi-temperature (HMT) approach
based on averaging the STS relaxation terms has recently been proposed [2].

The key issue with the STS and HMT approaches is the need in accurate models for the rate coef-
ficients of vibrational and chemical processes involving all vibrational states. The Schwartz-Slawsky-
Herzfeld (SSH) model [3] and the forced harmonic oscillator (FHO) model [4] are widely used to
describe state-to-state transitions due to vibrational–translational (VT) and vibrational–vibrational (VV)
energy exchange in diatomic species. In this work, we use a generalization of the FHO model for carbon
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dioxide. The generalized Marrone–Treanor dissociation model [5] and the preferential exchange reaction
model developed for CO2 in Ref. [6] are used to describe state-specific reaction rate coefficients.

The objectives of this study are: 1) to implement the FHO model for vibrational relaxation in pure
CO2 and in CO2/Ar and CO2/He mixtures, validating it against experimental data via isothermal bath
relaxation simulations; 2) to apply the implemented FHO model, with intermolecular VV exchanges, to
describe adiabatic bath relaxation in a five–component CO2/CO/O2/O/C mixture, explicitly accounting
for coupled vibrational-chemical relaxation.

Theoretical model

The set of governing equations is derived from the Boltzmann equation using the Chapman–Enskog
method. Equations for the two considered zero-dimensional (0D) relaxation problems (isothermal and
adiabatic) differ only in the total energy equation. For an adiabatic bath, the total energy remains constant,
whereas for isothermal relaxation, the translational temperature is fixed.

dU

dt
= 0 or T = const,

dnc
dt

= Rreactc , c = CO2,O2,CO,O,C,Ar,He,

dU12

dt
= Rv12,

dU3

dt
= Rv3,

dU cvibr
dt

= Rvc , c = O2,CO.

(1)

Here, U denotes the total energy per unit volume, nc is the number density of species c, U12 and U3

are the vibrational energies per unit volume for the combined (symmetric and bending) mode and the
asymmetric mode of the CO2 molecule, respectively, and U cvibr is the vibrational energy per unit volume
of diatomic species. The relaxation terms on the right-hand side of the equations describe the changes in
number densities or vibrational energy due to molecular collisions.

Within the employed multi-temperature approach, the following slow physico–chemical processes
are considered:

• Vibrational–translational (VT) energy transfer. For CO2, VT exchange is possible for each mode
(VTm withm = 1, 2, 3; however, VT2 is the most probable). Also considered are intermode vibra-
tional exchanges VV2−3 and VV1−2−3 (VV1−2 is rapid due to Fermi resonance). For diatomic
molecules, VT exchanges (VTO2 and VTCO) are included.

• Intermolecular vibrational–vibrational energy exchange (VV’ processes). The most probable exch-
anges are VV3−CO, VV2−CO, VV1−O2 , and VVO2−CO.

• Dissociation-recombination (DR) reactions for molecules.
• Exchange reactions (ER).

The production terms in the equations of chemical kinetics are calculated using the expression

Rreactc =
∑

ij

∫
Jreact,cij duc =

∑

i

Rreactci .

For the relaxation terms in the vibrational energy equations, we separate them into two contributions:
the vibrational relaxation term (Rv,vibrc ) and the chemical relaxation term (Rv,reactc ). Using the hybrid
approach, all relaxation terms are first calculated in the state-to-state (STS) approximation and then
summed, weighted by the vibrational energy (assuming a harmonic oscillator model):

Rv,vibrc =
∑

ic

εcicR
vibr
ci , Rv,reactc =

∑

ic

εcicR
react
ci .
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The STS chemical production terms are calculated using the generalized Marrone–Treanor model [5]
for DR reactions and the model [6] for ER reactions. Data for the thermally averaged rate coefficients in
the Arrhenius law are given by Park [7].

The vibrational relaxation terms are calculated using the following models:
1. Landau–Teller formula: a semi-empirical formula with low computational cost, but requiring knowl-

edge of the characteristic relaxation times for each process type.

Rv,vibrc =
∑

γc

U cvibr,eq(T )− U cvibr
(
T vibrc

)

τγ
, c = 12, 3,CO,O2.

Here γc denotes some of accounted processes, and data for the characteristic relaxation times τγ
are taken from [8].

2. The forced harmonic oscillator (FHO) model: an accurate model for calculating the integral cross-
section of all possible transitions between vibrational levels with a high computational cost.

σ̃k→k′
i→i′ (g) = σ̃el(g)P

FHO,k→k′
i→i′ (g).

3. The Schwartz-Slawsky-Herzfeld (SSH) model: a simple and computationally efficient model for
calculation of the rate coefficients for all transitions.

Results

The validation of the vibrational relaxation models is first performed by comparing the overall
relaxation time in pure CO2 without chemical reactions to eliminate vibrational-chemical coupling.
The results of this isothermal bath relaxation study are presented in Fig. 1a. Spatially homogeneous
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Figure 1: Overall relaxation times calculated using different models compared with experimental data [9,
10] for pure CO2 (1a). Translational and vibrational temperatures calculated taking into account all
processes (VT, VV, DR, ER) in the adiabatic bath problem (1b). Solid lines: the FHO model; dashed
lines: the Landau–Teller formula with the relaxation times from [8].

isothermal bath relaxation is studied using the hybrid multi–temperature (HMT) method based on the
FHO model and the Landau—Teller formula with experimental characteristic times from Losev et al. [8]
(labeled LT Losev). The overall vibrational relaxation time of the mixture is determined from isother-
mal bath simulations using the e-folding method, allowing for direct comparison with experimental data
by Simpson et. al. [9] and Baganoff [10] and validation of the approaches. The analysis shows that the
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Landau–Teller formula yields the relaxation time significantly lower than the experimental data, indicat-
ing that the model overestimates the vibrational relaxation rate. In contrast, the FHO model demonstrates
good agreement with the experimental data.

The capability of the models to handle complex coupled processes is then examined for an adi-
abatic bath problem of vibrational–chemical relaxation in a mixture CO2/O2/CO/O/C. Fig. 1b presents
the translational and vibrational temperatures for a test case with the following initial conditions: T (0) =
6000 K, T12(0) = 4000 K, T3(0) = 2000 K, TCO

v = 3500 K, TO2
v = 3000 K; initial molar fractions

χCO2(0) = 0.98, χCO(0) = χO2(0) = 0.005, χO(0) = χC(0) = 0.005, and the initial pressure of
105 Pa. A comparison between the Landau–Teller formula and the FHO model is shown. The profiles
obtained with the Landau–Teller formula show usual trends; the vibrational modes attend equilibrium
successively. Contrarily, the FHO model reveals significantly non-monotonic behavior of the vibrational
temperatures, which can be attributed to the competing effect of various VV energy exchange processes.
This demonstrates that the FHO model provides a more detailed and physically comprehensive descrip-
tion of the vibrational kinetics.
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ABSTRACT

Simulating the plasma edge of magnetic confinement fusion devices requires a stable and efficient numer-
ical approach. Particle dynamics can be modeled by a kinetic equation, which is difficult to solve due to
the high dimensionality of the phase space. In this paper we derive a moment model for a reduced kinetic
equation to elucidate the question of hyperbolicity of the system, which is necessary to create a stable
numerical model. The system matrix of an infinite set of moment equations is derived, after which the
hyperbolicity of the model is investigated through the characteristic polynomial of said matrix. Hyper-
bolicity regions of the models are calculated and loss of hyperbolicity is investigated in scenarios relevant
to magnetic confinement fusion. Regularization procedures that make the system globally hyperbolic are
used to overcome that loss of hyperbolicity leading to a stable moment model hierarchy for plasma edge
simulations.

A drift-kinetic moment model in slab geometry

A drift-kinetic moment model for the description of the plasma edge at arbitrary collisionality was
recently proposed by Jorge et al. [10]. The drift-kinetic equation is derived using a Lagrangian approach
to the equations of motion, which are presented in a guiding center framework. This framework describes
particle motion with a velocity parallel to the magnetic field, v||, a velocity perpendicular to the magnetic
field, v⊥, and an angle of gyration θ. The drift-kinetic equation is given by

∂t⟨f⟩+ Ṙ · ∇⟨f⟩+ v̇||∂v||⟨f⟩ = ⟨C(f)⟩, (1)
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where f is the distribution function, C(f) is the collision operator (for the purposes of this paper chosen
to be zero), Ṙ is the guiding center velocity, and ⟨f⟩ is the gyroaveraged distribution function.
Slab geometry is widely used in studies of astrophysical plasmas [7, 11] and fusion plasmas alike [5,
1]. It is usually defined as a geometry in which two spatial directions are homogeneous. After some
assumptions and simplifications, the transport equation in slab geometry is reduced to one direction
given by

∂tf(t, x, v||, v⊥) + v||∂xf(t, x, v||, v⊥) = 0, (2)

where ∂x is a derivative in one spatial direction, which is analogous to the 1D quasilinear collisionless
Boltzmann equation that is familiar from literature [4, 3, 6]. While the equation is reduced to one spatial
derivative, two velocity dimensions remain relevant for analysis.

Hermite-Laguerre basis expansion

In this work, we consider extended fluid dynamics equations, so-called moment equations, based on the
expansion of the unknown distribution function in a Hermite-Laguerre basis defined by

f(t, x, v||, v⊥) =
∞∑

p,j=0

Np,j

√
2pp!

FMHp(s||)Lj(s
2
⊥), (3)

Where Hp is the physicists’s Hermite polynomial of order p and Lj is the Laguerre polynomial or order
j. Equation (3) introduces the bi-Maxwellian distribution function with velocities:

FM = N
e
−s2||−s2⊥

π3/2vth||v2th⊥
, (4)

where s|| is the normalized and shifted parallel velocity defined by

s|| =
v|| − U||
vth||

, v2th|| =
2T||
m

, (5)

with background bulk velocity U||, and s⊥ is the normalized perpendicular velocity

s2⊥ =
v2⊥
vth⊥

=
µB

T⊥
, v2th⊥ =

2T⊥
m

. (6)

Note that the velocities depend on U||, T||, and T⊥, which themselves correspond to moments of the
distribution function and are thus not known a priori. This makes (3) a highly non-linear ansatz.
The moment equations, i.e. evolution equations for the unknown macroscopic and microscopic variables,
can be derived in the following form

∂tw +Asys∂xw = 0, (7)

where Asys is the so-called system matrix representing the infinite moment equations, and the vector w
can be identified as containing the moments of the distribution function.
We note that the moment models used in this work are traditionally applied in near-continuum regimes
and their extension to stronger non-equilibrium regimes like the free-molecular flows in the plasma edge
requires careful consideration. However, in contrast to many existing models from the literature, we do
consider non-linear moment expansions. These models theoretically increase accuracy, but also comes
at the price of potential stability issues due to lack of hyperbolicity. Therefore, the model stability needs
to be ensured before an assessment of accuracy of the models can even be made. This is why in this
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work we first focus on the stability of moment models. An assessment of accuracy requires extensive
numerical testing and is left for future work.
In our presentation, we derive the moment equations for a suitably scaled vector of variables and analyse
the properties of the system matrix with respect to hyperbolicity for equilibrium and non-equilibrium.
We investigate the loss of hyperbolicity in scenarios relevant to magnetic confinement fusion. Loss of
hyperbolicity is already well-studied for related problems in rarefied gas dynamics, where it is typically
overcome by a technique called hyperbolic regularization [2, 8, 9]. We perform examples of hyperbolic
regularization similar to the one developed in [2] using a careful study of the characteristic polynomial of
Asys. This then leads to a new regularized system matrixAHsys, which ensures the system’s hyperbolicity.
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ABSTRACT

The  modelling  of  strong  density  gradient  regions  in  fluids  is  a  challenging  task.  It  becomes  even  more
complex  when  the  fluid  is  fairly  dense  and  out  of  equilibrium.  It  is  however  a  central  question  in  order
to  address  the  exchanges  of  heat  and  mass  across  a  liquid  vapor  interface,  which  is  fundamental  to  meet
the  design  requirements  of  modern  technological  needs.  For  small  departure  from  equilibrium,  one  could
expect  close  equilibrium  approaches,  i.e.,  hydrodynamic  regime,  to  be  an  appropriate  description  of  the
system,  giving  access  to  the  interfacial  resistivities  and  their  dependence  to  the  state  of  the  fluid.  In  this
work,  using  a  BGK-Shakhov  model,  we  show  that  we  can  obtain  the  same  hydrodynamic  equations
as  Enskog  for  dense  fluids.  The  close  equilibrium  limit  of  the  resulting  set  of  equations  is  then  shown
to  be  reducible  to  linear  relations  between  fluxes  and  thermodynamical  forces.  The  link  between  those
quantities  is  associated  with  resistivities.

1.  Introduction

The  fine  modelling  of  interfacial  resistivities  for  a  liquid  vapor  system  has  become  more  and  more  impor-
tant  over  the  past  years.  The  miniaturisation  of  cooling  devices  and  the  need  to  handle  higher  and  higher
fluxes  have  made  necessary  to  reduce  the  liquid  layer  in  multiphase  systems,  up  to  a  point  where  the  main
contribution  to  the  thermal  resistance  of  the  overall  system  may  be  controlled  in  certain  situations  by  the
interfacial  region.  Understanding  the  behavior  of  the  fluid  in  this  area  is  however  a  challenging  task.  It
is  indeed  the  siege  of  the  phase  transition  over  a  scale  of  only  a  few  molecular  diameters,  inheriting  a
physical  as  well  as  geometrical  complexity.
The  accurate  prediction  of  the  mass  and  heat  transfers  across  the  interface  is  mostly  based  on  two  pos-
sible  images  for  the  interface,  i.e.  the  sharp  and  the  diffuse  interface.  Sharp  interfaces  show  jumps  in
the  physical  properties  of  the  fluid  between  the  two  phases.  The  most  used  model  for  this  question  is
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the Hertz-Knudsen-Schrage (HKS) one. Using Kinetic Theory (KT), it prescribes the form of the distri-
bution function in the vapor and at the interface, and deduces the fluxes at stationary regime [2]. Some
coefficients are finally added to the model to take into account the complex nanoscale dynamics, e.g.
the accommodation coefficients. This model is close to other macroscopic model based on the Thermo-
dynamics of Irreversible Processes (TIP) [1]. While fruitful, this approach is limited by the capacity to
find values for those coefficients. Experimental measurements have been conducted to find those miss-
ing quantities [3, 4], but the practical difficulties associated with the interface is responsible of a strong
scattering of the resulting values even for the same fluid [5].
The other image for the interface is the diffuse interface [6]. The two bulk phases are here linked by
continuous density, velocity and temperature profiles. In the context of KT, the hydrodynamics limit
gives access to the macroscopic transport equations, with expressions for the transport coefficients valid
at any points of the flow. The only physical parameters entering this modelling are the characteristic of
the particles, which can be found by simple critical point measurements. The interfacial resistivities, and
their functional dependences to the state of the fluid are accessible by solving the macroscopic equations.
In this work, a method to derive the thermal resistance of a liquid vapor system starting from a KT base
on the Enskog-Vlasov equation is proposed. The non local collision term is replaced by a Shakhov term,
in order to simplify the hydrodynamic limit computation. We then tune the parameters of the Shakhov
model to obtain the same macroscopic transport coefficients as Enskog’s for liquids. We finally use the
resulting equations in a perturbative regime around the equilibrium to obtain the resistivities.

2. Kinetic theory and hydrodynamics limit

We choose to describe the fluid using the Enskog-Vlasov equation [7], a generalisation of the Enskog
equation for dense fluids of hard spheres [8] to include intermolecular attraction between the constituents
[9]. For particles of molecular mass m and diameter d0, this equation reads

∂f

∂t
+ c · ∇f + F · ∇cf = SEn(f, f), (1)

where r, c and t denotes space, microscopic velocity and time and f(r, c, t) is the velocity distribution
function. The vector F is the Vlasov force per unit mass, describing the total force experienced by
a particle at position r due to the contribution all other particles through an inverse power attractive
potential

F = −1

ρ
∇ · T =

1

ρ
∇ ·

[
aρ2 + κρ∇2ρ+

1

2
κ∇ρ · ∇ρ

]
I3 − κ∇ρ∇ρ], (2)

with ρ(r1, t) the mass local density, a = 4πd0
3

3m2 ϕ0, κ = 5πd0
5

6m2 ϕ0 and I3 is the three dimensional unit
tensor and ϕ0 is the strength of the attractive potential.
The collision term SEn derived from the Enskog proposition for hard spheres reads

SEn = −1

τ
(f − fSha)− bρY fM


 C ·

(
∇ ln

(
ρ2Y θ

)
+ 3

5

(
C2

2θ − 5
2

)
∇ ln θ

)

+2
5

(
2CC

2θ : ∇v +
(
C2

2θ − 5
2

)
∇ · v

)

 , (3)

where θ = rT is the temperature times the specific gas contant, v the hydrodynamic velocity, C = c−v

is the molecular speed in the reference frame of the flow, b = 2πd0
3

3m is the molecular volume per unit
mass and Y (ρ) is the pair correlation function. The first part is a relaxation term with characteristic time
τ towards a Shakhov velocity distribution function [10]

fSha = fM

[
1 + (1− Pr)

C · JQ
5ρθ2

(
C2

θ
− 5

)]
, (4)
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with JQ being the heat flux vector, Pr the Prandtl number and fM the local maxwellian distribution
function. The second member of the collision operator is an excess part containing information about
the non locality of the original Enskog collision operator [11]. Following a procedure used in [12], the
hydrodynamic equations at Navier-Stockes-Fourier level reads





∂ρ
∂t +∇ · (ρv) = 0
∂(ρv)
∂t +∇ · (ρvv + ρθ(1 + bρY ) + T− 2ρθτS) = 0

∂( 3ρθ
2 )
∂t +∇ ·

(
3ρθ
2 v − 5

2Prρθτ∇θ
)
= −ρθ(1 + bρY )∇ · v + 2ρθτS : ∇v

, (5)

where S is the rate of shear stress tensor Sαβ = 1
2

(
∂vα
∂xβ

+
∂vβ
∂xα

)
− 1

3∇ · vδαβ . Matching those equa-
tions with the usual flow equations, one recognizes the thermal conductivity and dynamical viscosity
coefficients λ = 5

2
ρθ
Pr τ and µ = ρθτ .

The last step is the tuning of the free functions. The pair correlation function will impose the state equa-
tion of the fluid, we do not need to specify it for the purpose of this work. For the transport coefficients,
we want them to be identical to the one found by Enskog at first order in the Chapman-Enskog method,
thus it imposes 




τ = 1
ρθY

5m
16d0

2

√
θ
π

(
1 + 4

5bρY + 4
25

(
1 + 12

π

)
(bρY )2

)
,

Pr = 2
3

1+ 4
5
bρY+ 4

25(1+
12
π )(bρY )2

1+ 6
5
bρY+ 9

25(1+
32
9π )(bρY )2

.
(6)

This model is supposed to be valid at any point of the flow, in particular the interfacial region, as long
as the hydrodynamic limit conditions are ensured. At equilibrium, i.e. v = 0 and θ = θ0 a constant, the
equations 5 reduce to the well known diffuse interface equation which defines the equilibrium density
profile ρ0

∇ · [ρ0θ0(1 + bρ0Y (ρ0))I3 − T] = 0 (7)

3. Linear perturbation and resistivities

We now look at the hydrodynamic equations at linear order in perturbation around the equilibrium along a
one dimensional axis z and at stationary regime. Including those conditions, the energy balance equation
decouples from the momentum one, leading to

∂zq(z) = −∂z
(
λ0∂z θ̃

)
= jmθ0

(
1
ρ0

+ bY0

)
∂zρ0, (8)

with q(z) the heat flux, θ̃ the temperature perturbation and jm an imposed mass flux. Changing variable
from z to ρ0 and integrating from the bulk vapor density ρv up to a density in the interface ρ0(z), and
then a second time on z from the vapor to the liquid bulk altitude, the temperature jump for the whole
region gives

∆θ̃ = −qv
∫ zl
zv

dz 1
λ0

− jmθ0
∫ zl
zv

dz 1
λ0

[
ln
(
ρ0(z)
ρv

)
+ b

∫ ρ0(z)
ρv

dρ0 Y0

]
(9)

This jump however takes also contributions of part of the bulk phases and can be made arbitrary big by
increasing the gap between zv and zl. To remove them, one can subtract the bulk temperature profiles
extrapolated up to an arbitrary altitude. This altitude zi is chosen to be the point of steepest slope of
the equilibrium density. At linear order in perturbation, the bulk temperature jumps are simply given by
the imposed heat flux times the ratio between the conductivity and the thickness of the layer ∆θ̃v/l =

3
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qv/l ev/l
λv/l

, and the latent heat is define by jmLv = ql − qv. Using these, we are left with the temperature
jump at the interface

∆θ̃i = jmLvR1 + qvR2, (10)

with R1 and R2 the resistivities that reads




R1 = θ0
Lv

∫ zl
zv

1
λ0

(
ln
(
ρv
ρ0

)
+ b

∫ ρv
ρ0

dρ0 Y0

)
dz +

∫ zl
zi

θ0 Lv
λl

dz

R2 =
∫ zi
zv

(
1
λv

− 1
λ0

)
dz +

∫ zl
zi

(
1
λl

− 1
λ0

)
dz

. (11)

It is possible to show that these relations depend on the location dividing surface zi but not on the
thickness of the bulk regions chosen by showing that the integral arguments cancels in the bulks. More-
over, those coefficients are independent of the fluxes and of the temperature jump, as expected in linear
response around an equilibrium.
We showed that it is possible to obtain interfacial resistivities for the interface starting from a KT. Those
coefficients are dependent on the characteristic of the particles only through the state functions. They
allow for a simple computation of the transfer coefficients between phases in an engineering context.
Of course, work needs to be done in order to validate or not our approach. We need to characterise the
limit of the perturbative regime and check if it is sufficient to describe the system for most engineering
contexts. Then those results needs to be confronted the resolution to the kinetic theory without going
to the hydrodynamic regime, in order to check if this regime can be applied for the interface. Last, this
proposition should be compared to other approaches, for example to the well known HKS model.
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ABSTRACT 

Over the past decade, the interaction between non-equilibrium plasmas and liquids has gained 

increasing significance due to various applications, such as water treatment for instance. In this 

context, we developed a simple design consisting of a high-voltage needle placed a few millimetres 

above the surface of the liquid to be treated, whereas the grounded electrode is located below the glass 

tank containing the liquid (Figure 1). Therefore, between the two conductive electrodes, there is an air 

gap of a few millimetres, three centimetres of water and a 2-mm thick dielectric barrier of glass. 

Depending on the values of the applied voltage and its frequency, three different types of discharges 

may be observed between the needle tip and the water surface: a corona discharge, a transient regime 

and a  filamentary discharge. Moreover, due to different physical phenomena, several mechanical 

effects can occur: a gas flow induced by the discharge, a deformation of the liquid surface and a flow 

inside the liquid, all these electrohydrodynamic phenomena being investigated by our team. The 

present experimental study focuses on the ionic wind produced between the needle tip and the water 

surface when a corona-type DBD is ignited. The velocity of this gas flow is measured with a high-

frequency PIV system (particle image velocimetry), that allows us to obtain 2D velocity fields with a 

spatial resolution smaller than 100 µm (see the field of view, FOV, in Figure 1). The input parameters 

that have been investigated are the distance between the needle tip and the water surface (from 11 mm 

down to 4 mm), the values of the applied voltage and its frequency (from 20 Hz up to 2 kHz), and the 

water conductivity (from 2 µS/m to 400 µS/m). The results highlight that the characteristics of the 

produced ionic wind jet depend strongly on all these parameters. Moreover, time-resolved 

measurements show that the positive corona discharge (occurring during the positive half-cycle) 

results in a fast and stable ionic wind jet when the ionic wind produced during the negative discharge 

is strongly unstable. 
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Figure 1: Scheme of the discharge setup and example of a time-averaged velocity fields of the ionic wind 

produced between the needle tip and the water surface.  

 

RESULTS 

In this section, we present two examples of velocity fields of the produced ionic wind. The needle 

tip is at x = y = 0. The water surface is at x = 11 mm. For all the cases, the background color 

corresponds to the modulus of the ionic wind velocity (from 0 to 7 m/s, see the legend in Figure 1), 

and the black arrows to the flow direction (they do not corresponds to the velocity vectors as their 

length is constant).
 

Figure 2 shows time-averaged velocity fields for three different voltage amplitudes VAC, the gap 

between the needle tip and the water surface being equal to 11 mm (water conductivity  = 400 

µS/cm). The frequency of the sine high voltage here equals 1 kHz. We can see that a gas flow is 

induced from the needle tip toward the water surface, resulting in an ionic wind jet perpendicular to 

the water surface. Moreover, the velocity increases with the applied high voltage. 

 

 
 

Figure 2: Time-averaged velocity fields for three different voltage amplitudes VAC (voltage frequency fAC = 

1 kHz, needle-to-water gap = 10 mm, water conductivity  = 400 µS/cm). 
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Figure 3 shows an example of the time-resolved behavior of the ionic wind. The high voltage 

frequency is 20 Hz, and the PIV frequency equals 400 Hz, resulting in 20 instantaneous velocity fields 

during one voltage period (every 2.5 ms). Here, only six are shown. Between t = 0 and 25 ms (positive 

half-priod of the voltage), a positive discharge takes place when a negative discharge occurs between 

25 and 50 ms. At t = 5 ms, the ionic wind jet starts to develop from the needle tip. Its velocity is 

around 4 m/s. However, it has not reached the water surface. At t = 15 ms, a fully developed jet is 

visible. It is perpendicular to the water surface and its velocity is about 7 m/s. During the negative 

discharge, the jet is unstable, its direction being not perpendicular to the water surface. Moreover, the 

velocity during the negative half-period is smaller than the one during the positive half-period. 

 

 

 
 

  

 

 

 

 

 

 
 
Figure 3: Instantaneous velocity fields at different moments during one voltage period. 
 
 

CONCLUSION 

In this abstract, we have shown only two results from a much more comprehensive study. The 

complete study will be presented in greater detail during the oral presentation. The main finding of this 

work is as follows. First, the ionic wind jet produced between the needle and the water surface is 

roughly similar to that generated between a needle and a flat plate. However, its behavior over time is 

different. Indeed, the positive charges deposited on the water surface during the positive half-cycle of 

the applied voltage cause the jet to become unstable during the negative half-cycle. 

t = 0 ms t = 5 ms t = 15 ms 

t = 25 ms t = 35 ms t = 40 ms 
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ABSTRACT

In classical kinetic theory the dynamics of gas mixtures is naturally described through integro-differential
Boltzmann equations for species distribution functions [1]. However, the analytical and numerical study
of these equations is rather difficult due to the complexity of the nonlinear integral Boltzmann operator
that describes the collision mechanisms in detail. For this reason, simpler kinetic descriptions have been
built up starting from the BGK relaxation model for a single gas proposed by Bhatnagar, Gross, and
Krook [2] in 1954, that replaces the nonlinear integral operator with a linear operator which prescribes
the relaxation of the distribution function towards a proper Maxwellian attractor.

The description was originally formulated for a single gas, however it was highly desirable to develop
consistent generalizations applicable to gas mixtures, whether inert or reactive, and composed of monatomic
or polyatomic species, particularly for use in physical processes. Indeed, the ability to model gas mix-
tures within a reactive kinetic framework is of considerable importance for practical applications, such
as atmospheric re-entry phenomena [3, 4] and various industrial processes [5, 6].

Among the different formulations that can be found in the literature, we refer to [7], where a BGK-type
model for inert mixtures is proposed, reproducing the structure of the Boltzmann formulation. In this
approach, the collision operator is expressed as a sum of binary terms of relaxation type, each represent-
ing the exchanges between pairs of components due to mechanical interactions. Such a formulation has
the notable advantage of distinguishing between collisions involving different pairs of species and, there-
fore, enables the study of multiple-scale hydrodynamic regimes [8], which are frequently encountered in
mixtures of components with disparate masses, as it occurs in plasma physics.
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In this work, we aim at introducing a new BGK-type model for a gas mixture undergoing a simple
chemical reaction. We consider a mixture of four monatomic rarefied gases Gs, s = 1, 2, 3, 4, each
of them endowed with its own molecular mass ms and internal energy Es, undergoing binary elastic
mechanical collisions and a bi-molecular reversible reaction,

G1 +G2 � G3 +G4, (1)

such that ∆E = E3 + E4 − E1 − E2 > 0 . Let fs = fs(x, v, t) be the distribution function of the
particles of the s-th gas depending on position x ∈ R3, molecular velocity v ∈ R3, and time t ∈ R+.
The evolution of the mixture, in absence of external forces, is governed by a system of kinetic BGK-type
equations of the form

∂fs
∂t

+ v · ∇xfs = Qs [f ] = QME
s [f ] +QCHs (fs), s = 1, 2, 3, 4,

where f = [f1, f2, f3, f4] is a vector collecting all distribution functions. The collision operators on the
right-hand-side mimic the structure of the Boltzmann collision terms for the same mixture [9], taking
into account both mechanical and chemical interactions separately, analogously to [10]. The mechanical
BGK operator is the sum of binary terms, according to [7],

QME
s [f ] =

4∑

r=1

QME
sr =

4∑

r=1

νsr(Msr − fs), (2)

and even the chemical operator is assumed of BGK type,

QCHs (fs) = νCHs (Ms − fs), (3)

where νsr and νCHs represent the frequencies of mechanical and reactive collisions obeying the chemical
law (1), respectively.

In (2) and (3), Msr and Ms are Maxwellian attractors, depending on auxiliary (fictitious) densities,
velocities, and temperatures that have to be properly computed in order to make the BGK model con-
sistent, namely compatible with conservation laws, correct equilibrium solutions and entropy dissipa-
tion principle (H-Theorem). This is done by assuming that the exchange rates for momentum and total
energy of BGK mechanical and chemical operators coincide with the corresponding exchange rates of
each Boltzmann integral operator. Under the hypothesis of Maxwell molecule potential, we explicitly
calculate the production terms in the mechanical contributions for both Boltzmann and BGK formula-
tions, resulting in an explicit relationship between the auxiliary parameters of local attractors and the
macroscopic fields of each species. Concerning chemical contributions, an appropriate input distribution
function is necessary to compute explicitly the production terms in the Boltzmann setting. To this end,
the distribution function is approximated by the elastic Maxwellian equilibrium, under the assumption
of slow chemical reaction.

We prove that such model correctly reproduces by construction the conservation laws and admits the
correct equilibrium solutions, namely Maxwellians with a common mean velocity and temperature, with
number densities related to temperatures by the mass action law. To conclude, some numerical simu-
lations of the kinetic BGK system in space homogeneous conditions are performed to investigate the
asymptotic trend of the reacting mixture to the equilibrium.
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ABSTRACT

This contribution concerns evaporation and heat transfer processes at liquid vapor interfaces in thermo-
dynamic nonequilibrium, as depicted in Fig. 1. In the case of small scales, i.e., large resolution, and/or
large heat and mass fluxes, these processes are accompanied by marked temperature jumps TV − TL
between vapor and liquid, and deviation of pressure from saturation, so that pV ̸= psat (TL).
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Figure 1: Geometry, properties, and fluxes in one-dimensional mass and heat transfer across a liquid-
vapor interface.

Thermodynamic modelling of these jumps introduces interfacial resistivities rαβ [1], while kinetic theory
models rely on condensation and accommodation coefficients [2]. The jumps are microscale effects and
thus difficult to measure, with experimental uncertainties making it almost impossible to verify models or
extract reliable data [3]. Molecular dynamics (MD) simulations provide high resolution on the molecular
scale but unavoidable stochastic noise affects determination of resistivities [4, 2].
Kinetic theory models are typically restricted to ideal gases, while MD simulations are often run in denser
gases, where real gas effects affect the results, and, in order to reduce noise, in strong non-equilibrium
with large fluxes. In this presentation, I combine elements of the Hertz-Knudsen-Schrage model of kinetic
theory [5] with the Tsuruta condensation coefficient [6] and the Enskog-Vlasov model for real gases [7, 8]
to the non-linear Tsuruta–EV–HKS model, which is valid up to the critical point . The resulting interfacial

1

127



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

resistivities markedly decrease with temperature towards the critical point, and depend non-linearly on
mass and heat flux. Details on the derivation and evaluation can be found in Refs. [2, 9, 10]
The well-known approach of classical linear irreversible thermodynamics (LIT) [1] yields the interface
conditions as relations between the thermodynamic forces, i.e., the deviations from equilibrium, and the
thermodynamic fluxes, which push the system towards equilibrium,

[
gL
θL

− gV
θV

+ hV

(
1
θV

− 1
θL

)

θL
θV

− 1

]
=

[
r̂11 r̂12

r̂21 r̂22

][
Ĵ

q̂V

]
. (1)

On the left hand side of the above are the thermodynamic forces, with Gibbs free energy g, enthalpy h and
temperature in energy units θ = RT , where R is the gas constant and T thermodynamic temperature in
Kelvin. Equation (1) is written for dimensionless mass and heat fluxes Ĵ =

√
2πθL

psat(θL)
J , q̂V =

√
2πθL

psat(θL)
qV
θL

.
The relation between forces and fluxes is given by the dimensionless resistivity matrix r̂αβ , which should
be symmetric due to the Onsager relations. While in simple models the resistivities are assumed to be
constants, in general they depend on the local temperature, and possibly on the fluxes Ĵ , q̂V , see Ref. [11].
As a phenomenological approach, LIT can only predict the form of the interface relations, but cannot
make detailed statements on the values of the resistivities, which therefore must be obtained from experi-
ments or microscopic models.
The Hertz-Knudsen-Schrage (HKS) model is derived from kinetic theory modelling based on assump-
tions on condensation and accommodation coefficents, e.g., see [2]. Typically only a relation for mass
flux is given, but for a complete interface model a relation for heat flux must be included. Evaluation of
Eq. (1) with the HKS model yields the corresponding resistivities [2, 9].
For a constant accommodation coefficient ψ and considering non-linearities in mass flux [9], one finds
mass and kinetic heat flux at the interface as, with mass density ρ and the abbreviation psat = psat (θL),

Ĵ =
2ψ
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With MD simulations typically run at higher temperatures, the HKS model must be extended to account
for deviation from the ideal gas law for the vapor as well as compressibility of the liquid. Furthermore,
based on MD simulations Tsuruta and co-workes have shown that for higher temperatures the condensa-
tion coefficient is a decreasing function of temperature and depends on impact velocity [6].
To include these effects, in Ref. [10] we have extended the non-linear HKS model (2, 3) by accounting
for Tsuruta’s impact dependent condensation coefficient, and we used the Enskog-Vlasov gas model
[7, 8] to describe compressible liquid and non-ideal vapor.
Resistivities were determined numerically from this model for the special cases of mass transfer with
adiabatic vapor, and heat transfer across the interface for zero mass flux, as depicted in Fig. 2. For low
temperatures, these results agree with Eqs. (2, 3).
Since accurate data from experiments or microscopic simulations is scarce, a detailed comparison of
the modeling results with data is not possible. Figure 3 shows the resistivities determined from MD

2
128



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

Figure 2: Resistivities r̂αβ for the Tsuruta-EV-HKS model as functions of temperature and mass flux Ĵ
(for r̂11, r̂21) or heat flux q̂V (for r̂12, r̂22). Critical temperature for the EV gas is θcr = 0.754.

simulations [4] as functions of relative temperature θL/θcr, where the relative size of fluxes is indicated
by gray levels. The temperatures are below the region where in Fig. 2 resistivities are strongly decreasing.
The MD resistivities stand in principal agreement with the modelling results in Fig. 2: For large mass
fluxes, the resistivity r̂11 is a slowly decreasing function of temperature, while the heat transfer resistivity
r̂22 exhibits comparatively faster decrease. Both off-diagonal resistivities decrease rather weakly with
increasing temperature, with r̂21 appearing to be larger for larger mass fluxes.
The presentation will give details on derivation of the model and its evaluation, as well as a deeper dis-
cussion of MD results in terms of non-linearity and non-ideality. It will be highlighted that the predicted
behavior—marked temperature dependence, in particular for temperatures approaching the critical point,
and non-linearity—will affect experiments and molecular dynamics simulations and thus must be care-
fully considered in evaluation of experimental and simulation data.
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INTRODUCTION

In many applications involving gas flows it is far more common to encounter gaseous mixtures rather than
a single gas. The Knudsen number (or the rarefaction parameter) of a gas mixture, defined as the ratio
between the molecular mean free path of the mixture and a characteristic flow dimension, determines
the properties of such a flow. In the free molecular flow regime (Kn ≫ 1) the intermolecular collisions
can be neglected and the components of a gas mixtures are independent of each other. In this case the
analytical solutions [1] or the collision-less modeling using the Molflow software [2] or collision-less
Direct Simulation Monte Carlo (DSMC) method [3] could be used to predict the behaviors of gas mixture
flows. This flow regime is related to the vacuum technology applications, as leak detection [4], [5], gas
composition determination via mass spectrometer [6] and the pumping speed analysis [7]. When the
Knudsen number is larger then 0.1, Kn > 0.1, i.e. a gas mixture is in the slip and viscous flow regimes,
a single gas approximation could be suitable to simulate the mixture behaviors. These gas flow regimes
can be found in various MEMS applications related to the gas analysis [8]. Both approaches presented
above come with limitations and assumptions, which often do not hold - or hold only partially - in the
transitional flow regime.
The single gas approach is also discussed in Refs. [9], [10]. The authors of Ref. [9] shown an example
of application of this approach for the case of He-Ar binary mixture and the deviation less than 3%
was found between the single gas approximation with the velocity slip coefficient calculated for the gas
mixture and the numerical solution of the McCormack model up to the rarefaction parameter equal 2.
More complete numerical study is carried out in Ref. [10], where the numerical simulations of He-Xe
gas mixture are realized to complete the data base for He-Ne, He-Ar and He-Kr, provided in Ref. [11].
Different length/radius ratios, namely L/R = 1, 5 and 10 are considered. The tube conductance is
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analyzed using single gas approach. The estimation of the error made applying the single gas approach
is provided and it depends on the ratio of the molar masses of the mixture, the initial concentration and
the rarefaction level.
To apply this single gas approximation approach the value of the velocity slip coefficient must be known.
As it was mentioned above it was calculated numerically by several authors. However, due to the addi-
tional difficulties related to the experiments with the mixture there are only very few data on the mea-
surements of this coefficients. To our best knowledge, only two articles report the data on the velocity
slip coefficient for the gas mixture, see Refs. [12], [13]. The authors of [12] have measured the velocity
slip coefficient using the Spinning Rotor Gauge (SRG). The data on the velocity slip coefficients for the
mixtures of He-Ar, He-N2 and He-Ne for three different concentration of each are reported. The viscous
slip coefficient for a helium - argon binary gas mixture was determined based on mass flow rate measure-
ments through a microtube operating in the slip flow regime in Ref. [13]. The constant-volume method
was employed for this purpose, relating the pressure variations in two connected chambers. The results
showed that the extracted viscous slip coefficients exhibit a concave dependence on the molar ratio of
the mixture.

EXPERIMENTAL SETUP

The improved constant-volume technique [14] is used to measure the gas mass flow rate through the
microtube settled between two reservoirs. The experimental setup is shown in Fig. 1. The volumes of the
inlet and outlet tanks (which consist of pipes) are equal to (29.6± 1.42)× 10−6 m3 and (22.6± 1.08)×
10−6 m3, respectively.

Figure 1: Experimental setup.

The outlet reservoir is pumped down using the turbomolecular pump. Absolute pressure variations in
both tanks are measured using capacitance diaphragm gauges (CDG), with full-scale ranges of 1000 Torr
for the inlet chamber and 10 Torr for the outlet one. Since each sensor has a different internal volume (3.6
and 4.2 ×10−6 m3, respectively), these volumes are added to the pipes volumes to determine the total
volume of each tank. The total inlet volume (Vin) is 30.1 and 30.7 ×10−6 m3, respectively, depending on
the sensor used. Similarly, the total outlet volume (Vout) is 26.2 and 26.8 ×10−6 m3, respectively.
The temperatures of the external walls of both tanks are monitored using thermocouples. During each
experiment, the variation at room temperature does not exceed 0.2◦C, ensuring isothermal conditions.
The stainless steel tube, with a circular cross-section, is positioned between the two tanks. Its dimensions
were previously determined in Ref. [15] using an electron microscope to be 2a = 239.73 ±2.39µm for
the internal diameter, a is the tube radius, and L = 10.33 ±0.05cm for the length.
The binary mixture of two noble gases is considered, namely, helium and argon.
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RESULTS AND DISCUSSION

The pressure variation over time in the inlet tank was measured for five different initial concentrations
C0 of argon-helium mixture defined as

C0 =
n1

n1 + n2
, (1)

where n1 and n2 are the number densities of helium and argon respectively. All measurements were
conducted within the viscous, slip and transitional flow regimes. Figure 2 shows measured inlet pressure
and rarefaction parameter vs. time. The rarefaction parameter for the mixture is defined as

δ =
ap

µvm
, (2)

where a is the tube radius, p is the reference pressure, µ is the gas viscosity of the mixture, vm is the
characteristic molecular speed of the mixture, calculated via the mean molar mass.
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Figure 2: (a) Measured inlet pressure pin/pin0 vs. time, (b) rarefaction parameter vs. time.
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Figure 3 shows the dimensionless mass flow rate extracted from the pressure measurements in the inlet
tank, the fitting formula [17] of the results obtained from the S-model with velocity slip coefficient
calculated for He-Ar mixture in [16]. Very good agreement is found for all data even up the beginning of
transitional flow regime.
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different surface coating, Journal of Vac. Sci. Technol. A 32 (2) (2014) 021601–9.

[16] F. Sharipov, D. Kalempa, Gaseous mixture flow through a long tube at arbitrary Knudsen number,
J. Vac. Sci. Technol. A 20 (3) (2002) 814–822.

[17] F. Sharipov, I. Graur, C. Day, Leak rate of water into vacuum through microtubes, Journal of Vac.
Sci. Technol. A 28 (3) (2010) 443–448.

4

134



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows – NEGF26  

25-27 March, 2026 –Toulouse, France 

 

1 

NEGF26-685635 

MICROREGENERATORS DESIGNED FOR OSCILLATORY GAS 

FLOWS INSIDE CRYOCOOLERS 
Frederic Ayela*

1
, Samuel Bonnet

1,2
, Damien Colombet

1
, Nicolas Luchier

2
, Manuel 

Medrano-Munoz
2
 

1
LEGI, Univ. Grenoble Alpes, CNRS, 38000 Grenoble, France 

2
IRIG DSBT, CEA, 38000 Grenoble, France 

frederic.ayela@univ-grenoble-alpes.fr, samuel.bonnet@univ-grenoble-alpes.fr, 

damien.colombet@univ-grenoble-alpes.fr, nicolas.luchier@cea.fr, manuel.medrano@univ-grenoble-

alpes.fr 

 

KEY WORDS 

Diamond shaped cylinders, pressure oscillation, cut-off frequency, Stirling engines.  

ABSTRACT 

Regenerators used in Stirling engines or cryocoolers are usually composed of a cluster of spheres or 

metallic fibers. Gas flow inside such devices is a problem that couples heat transfer and 

hydrodynamics, as it requires determining the configuration that will optimize heat exchange and 

minimize pressure drops—and thus the required hydraulic power. Nowadays, microfabrication 

techniques make possible to perform microregenerators that integrate various networks with perfectly 

controlled geometries into microchannels, allowing to study the influence of aspect ratios and porosity 

on both the pressure drop of the flowing gas and thermal exchange. In that way, our teams have 

studied numerically the flow and heat transfer around a diamond-shaped cylinder at moderate 

Reynolds number [1], and experimentally the pressure losses at moderate Reynolds numbers in 

diamond-shaped cylinders arrays [2, 3], with helium gas as the working fluid. Steady-state flow 

experiments and heat transfer simulations have demonstrated that such geometries are indeed more 

efficient than those of conventional regenerators. Experimental studies of the flow have confirmed and 

quantified the influence of porosity on associated pressure drops. 

Oscillatory flows have then been considered. This is a key point because the miniaturization of the size 

of the cryocoolers, for spatial applications for example, induces a necessary increase of the frequency 

of the cycles in order to keep the heat power extracted from the cold source at a constant level. 

 

 
 

Figure 1: Sketch of a cryocooler. 

 

                                                      
*
 Corresponding author 

135



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows – NEGF26  

25-27 March, 2026 –Toulouse, France 

 

2 

A simplified sketch of a cryocooler is presented in Figure 1. The inertance and the buffer act as a 

second piston of a Stirling engine. 

The microregenerators we have designed have been micromachined by deep reactive ion etching of a 

silicon substrate. The silicon part is then anodically bonded by a Pyrex cap. A SEM snapshot of the 

array of a periodic set of diamond shaped cylinders is presented in Figure 2. 

 

Figure 2 : Micromachined silicon regenerator consisting of an array of single cells. The blue path 

illustrates the tortuous way of the gaseous laminar flow through elementary cells. 

We have developped a model establishing the cut-off frequency above which the pressure modulation 

∆Pout in the volume V0 is damped, in isothermal and laminar flow conditions. Such microregenerators 

coupled with an output volume V0 and submitted to an oscillatory gaseous flow, behave as an 

electrical RC circuit. The buffer volume V0 acts as a capacitance and the viscosity of the gas flowing 

through the microchannels in the regenerator is similar to a resistance. In this model, the cut-off 

frequency obeys :  

   
 

  

  

  

 

      

    
 

    
                                                           (1) 

where µ is the dynamic viscosity of the gas, nL and nT are the number of elementary cells in the lenght 

and width direction respectively, H is the height of the channel, Pois is the Poiseuille number for each 

microchannel (value around 96), e is the smallest distance between two neihbouring cylinders (Figure 

2) and g() is a function of the geometrical characteristics of the cylinders. As the cut-off frequency 

varies as e
3
, it is obvious that it is difficult to combine size reduction of microregenerators and high 

working frequency. No rarefaction effect is expected as Pin ≈ 10 bar. 

A double-piston oscillator (Thales, LSF9310), generates stable pressure waves in the frequency range 

of 15–120 Hz, with an amplitude on the order of 1 bar. To measure cut-off frequencies, pressure 

measurement (Pin and P0) were performed using two dynamic pressure sensors (Kistler 211B4) and 

two static pressure sensors (Keller PAA-23). Temperature measurements were carried out using K-

type micro-thermocouples (250 µm in diameter). Pressure and temperature values were continuously 

monitored and recorded using an oscilloscope (Keysight DSOX1204A) and two data acquisition cards 

(NI-USB309, cDAQ9171). 

We have tested such a model with several microregenerators exhibiting different a, e and  values, 

with V0 = 2 cm
3
 and V0 = 15 cm

3
, and input pressures 8 bar < Pin < 15 bar, ∆Pin ≈ 1 bar. Theoretical 

cut-off frequencies calculated from Eq. (1) ranged from 0.1 Hz to 14 Hz. All the devices under test 
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3 

have presented a damping of the output pressure modulation when increasing the frequency up to 100 

Hz, with experimental cut-off frequencies which are all in very good agreement with the calculated 

ones. An illustration is presented in Figure 3. 

 

Figure 3 : Spectrum of the ratio ∆Pout/∆Pin for a microregenerator having a theoretical cut-off 

frequency fc = 14Hz (straight line). The evolution of the experimental data, when increasing ∆Pin, is 

the consequence of an increase of the viscosity because isothermal conditions are no more respected. 

Experimental uncertainties about ∆Pout and ∆Pin are included in the size of the plots. 

A key finding of this work is the importance of the transient regime and the possibility of controlling 

the operating frequency through the network arrangement. With similar geometries but with 

parameters b and a slightly smaller than those used in the current work presented here, cut-off 

frequencies of ≈ 600 Hz are theoretically reachable. This research continues with experimental studies 

of heat transfer. 
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ABSTRACT

The need for space- and time-adaptivity in simulations of rarefied gases arises because different time-
variable subdomains within a rarefied gas domain often require varying levels of modelling complexity.
Different-order moment models are effective at describing rarefied flows with respective levels of com-
plexity in each subdomain. In this work, an adaptive numerical method for simulating the non-linear
Hyperbolic Moment Equations (HME) model is proposed to simulate a rarefied gas flow using a HME
model with time- and space-dependent model order. The first step of the adaptive procedure is a domain
decomposition into subdomains each modelled by an HME model of an appropriate order, using a combi-
nation of a distribution-based nonequilibrium criterion and a gradient-based nonequilibrium criterion. In
the second step of the adaptive procedure, a non-linear adaptation of a recently developed padded buffer
cell approach is proposed to couple these varying-order HME models. The proposed adaptive numerical
method yields accurate results compared to a high-order HME model while obtaining a computational
speedup.

Introduction

Many rarefied gas flows are characterized by the presence of both near-equilibrium regions and nonequi-
librium regions. Examples are high-altitude flights and atmospheric reentry flights, in which the dimen-
sionless Knudsen number (Kn) varies in time and space. In regions of small Kn, the gas can be assumed
to be in equilibrium and standard fluid dynamics models for the macroscopic quantities yield sufficient
accuracy. The nonequilibrium effects in regions of large Kn need models beyond the standard fluid equa-
tions that include microscopic effects. This motivates the need for adaptive simulation techniques and
hybrid methods for the numerical simulation of rarefied gas flows.

* Corresponding author
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Rarefied gas flows in the mesoscopic regime are represented by a particle distribution function f(t, x⃗, c⃗),
that describes the probability of finding a gas particle at time t in position x⃗ and with particle velocity c⃗.
The evolution of the function f(t, x⃗, c⃗) is governed by the Boltzmann transport equation (BTE)

∂tf + c⃗ · ∇x⃗f = Q(f, f), (1)

where the right-hand side collision operator Q(f, f) describes collisions between gas particles. Existing
methods for the numerical simulation of the BTE (1) can be divided into two main categories: 1) particle-
based solvers and 2) deterministic solvers. In particle-based solvers, the gas is represented by simulating
sampled gas particles whose free flow streaming and collision mimic the BTE (1). Deterministic solvers
compute approximate solutions of the BTE (1) by either deterministically discretizing the phase space
(t, x⃗, c⃗) of the BTE (1) directly, or describing the evolution of macroscopic quantities by a reduced order
model and discretizing the resulting partial differential equations of the reduced order model. Many
hybrid methods couple fluid dynamics models in regions of small Kn with a particle representation in
regions of large Kn. The fluid dynamics equations are typically solved by deterministic solvers, while
the particle description employs particle-based solvers, which complicates the coupling.
Deterministic moment models for kinetic equations, first introduced by Grad in [6], have proven to
be a powerful class of models for the simulation of rarefied gases in the mesoscopic regime [3, 9].
These moment models are reduced order models for the BTE (1) that achieve increasing accuracy by
successively including more and more variables and evolution equations. A moment model is therefore
characterized by its order, measuring the number of variables or equations. A higher-order moment model
is often more accurate but computationally more expensive than a lower-order moment model as more
variables are included in the model. It is thus desirable to always use the moment model with the smallest
possible order. This directly calls for adaptivity. Moment models are ideally suited for adaptivity because
they have a hierarchical structure.
In this study, a model-adaptive method that is adaptive in time and space for the simulation of the one-
dimensional hyperbolic moment equations (HME) [2] is discussed. The adaptive procedure consists of a
domain decomposition criterion and a spatial coupling formula. The spatial coupling formula has recently
been applied to moment models for free-surface flows in [10] and is a non-linear adaptation of the spatial
coupling proposed in [11]. In particular, the same numerical solver is used in the entire domain, which
simplifies the coupling.

Hyperbolic Moment Equations

The one-dimensional HME model [2] is derived by assuming f(t, x, c) to be a truncated Hermite expan-
sion of order M ≥ 3 given by

f(t, x, c) =

M∑

i=0

fi(t, x)
1√
2π
θ−

i+1
2 Hei

(
c− u√
θ

)
exp

(
−(c− u)2

2θ

)
, (2)

were Hei and fi are the i−th Hermite polynomial and moment, respectively, u is the macroscopic
velocity, and θ is the temperature. The first three moments read f0 = ρ, where ρ is the density, and
f1 = f2 = 0. The density ρ, velocity u, and temperature θ are governed by the Euler equations. The
equations for the remaining moments are obtained by taking higher-order moments of the BTE (1):

∂tfk − fk−1
θ

ρ
∂xρ+ (k + 1)fk∂xu+

(
1

2
θfk−3 +

k − 1

2
fk−1

)
∂xθ

− 3

ρ
fk−2∂xf3 + θ∂xfk−1 + u∂xfk + (k + 1)∂xfk+1 = −1

τ
fk, k ≥ 3,

(3)

with relaxation time τ ∈ R+ [2]. The derivation of the equations (3) uses the BGK collision operator
[1]. The system of partial differential equations (3) together with the Euler equations is closed by setting
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fM+1 = 0. It is well-know that this system of equations is not hyperbolic. To obtain a hyperbolic system,
the HME model adds a regularization term to the equation for the last moment fM . For details, we refer
the reader to [2]. The HME model of order M can be written in compact form as

∂tw⃗M +AM (w⃗M )∂xw⃗M = Sw⃗M , (4)

with state variable vector w⃗M = (ρ, u, θ, f3, . . . , fM ) ∈ RM+1. The transport matrix AM (w⃗M ) ∈
R(M+1)×(M+1) and the matrix S ∈ R(M+1)×(M+1) are defined in [2].

Domain Decomposition Criterion

In every time step tn, the computational domain Ω ⊂ R is decomposed into subdomains that are each
modelled by an HME model of an appropriate order. We propose a domain decomposition criterion that
is a combination of a distribution-based criterion for model-coarsening and a gradient-based criterion for
model-refining.

Model-coarsening

The order of the HME model is reduced from higher orderMH to lower orderML in a spatial subdomain
if, in that subdomain, the highest-order moment fMH

is small in magnitude, i.e.,

|fMH
| < ϵf, (5)

where ϵf is a chosen tolerance level. This distribution-based model-coarsening criterion (5) has previously
been studied in [7].

Model-refinement

The order M of the HME model is increased from lower order ML to higher order MH in a spatial
subdomain if, in that subdomain, the gradients of the moments are small in magnitude. We propose the
model-refinement criterion

Kn

√(
∂xρ

ρ

)2

+

(
∂xu

u

)2

+

(
∂xT

T

)2

+

(
∂xf3
f3

)2

+ . . .+

(
∂xfML

fML

)2

> ϵ∂ , (6)

where ϵ∂ is a chosen tolerance level. This gradient-based criterion (6) is similar to the criterion proposed
in [8], for example.

Spatial Coupling

For the spatial coupling of two different-order HME moment models at their boundary interface, we
propose a non-linear adaptation of the Padded Buffer Cell coupling proposed in [11].
The HME equations (4) are discretized in space and approximated in the finite volumes [xi−∆x/2, xi+
∆x/2] with equidistant cell centers xi, i = 1, 2, . . . , Nx, and discretized in time with time step ∆t and
approximated at the discrete times tn, n = 0, 1, . . . , Nt. The discretized variable vectors at time tn in
cell [xi − ∆x/2, xi + ∆x/2] are denoted by wni . The overarching numerical scheme for the transport
part of (4) is the polynomial viscosity method (PVM) [5]

wn+1
i = wni − ∆t

∆x

(
D+
i− 1

2

+D−
i+ 1

2

)
, i = 1, . . . , Nx, (7)

with fluctuations D±
i+ 1

2

= A±
Φ(w

n
i , w

n
i+1) given by, for example, the PRICE scheme [4]

A±
Φ(wl, wr) =

1

2
(AΦ(wl, wr) · (wr − wl)±QΦ(wl, wr) · (wr − wl)) , (8)
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with generalized Roe linearization AΦ = AΦ(wl, wr) given by

AΦ(wl, wr) · (wr − wl) =

∫ 1

0
AM (Φ(s;wl, wr))

∂Φ

∂s
(s;wl, wr)ds, (9)

with a linear path Φ(s;wl, wr) = (1− s) · wl + s · wr, and with numerical viscosity matrix

QΦ(wl, wr) =
∆x

2∆t
I +

∆t

2∆x
A2

Φ(wl, wr). (10)

At a boundary interface located at x = xL+∆x/2 between a lower-order HME model of orderML and a
higher-order HME of orderML+1, the fluctuationsDL+ 1

2
are computed by padding the left lower-order

state variable vector wnL = (ρnL, u
n
L, θ

n
L, (f3)

n
L, . . . , (fML

)nL)
T ∈ RML+1 with an additional moment

(fML+1)
n
L such that it has the same length as the right higher-order state variable vector wnL+1 ∈ RML+2.
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ABSTRACT

Non-equilibrium effects arise in numerous industrial applications. Rarefied gas flows, for example, occur
in environments where the molecular mean free path becomes comparable to the characteristic length
scale of the system. Their ratio is called the Knudsen number (Kn), and continuum models such as the
Navier-Stokes equations begin to break down as Kn approaches unity [3]. This breakdown occurs in
applications ranging from spacecraft reentry (low-pressure environment), or microporous systems (small
length scale), to semiconductor lithography in vacuum chambers (low-pressure and microscale).

The Boltzmann equation (1) provides a kinetic description of gases across the entire range of Knud-
sen numbers, from the continuum to the free-molecular regime.

∂tf +∇x · vf = C(f, f) (1)

This equation gives a statistical description of the gas through the single-particle distribution function f .
It was originally derived from Molecular Dynamics by letting the number of particles approach infinity
under the Boltzmann-Grad limit [4]. This derivation also gives rise to a collision operator C, which is
consistent with conservation laws and entropy dissipation by definition.

This operator has an exact formulation up to an unknown collision kernel. Traditional formulations of
this kernel have relied on their mathematical properties, such as detailed balance and non-negativity.
Using these properties, the collision operator can be proven to dissipate entropy [2]. However, these ker-
nels often significantly simplify the actual molecular interactions.

In the present work, we propose a data-driven approach to fit a parametrized collision kernel to high-
fidelity Molecular Dynamics data. We thereby aim to exploit the fundamental relationship between the
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Boltzmann equation and the MD formulation from which it is originally derived. Exact conservation of
mass, momentum, and energy, as well as entropy dissipation, are guaranteed a priori by the mathematical
properties of the chosen parametrization. We facilitate the simulation of polyatomic gases by extending
phase space with an additional dimension, representing the internal energy of the particle. The collision
operator can be extended accordingly, using the Larsen-Borgnakke parametrization of collisions [2].

To solve the resulting Boltzmann equation, we employ the Discontinuous Galerkin Method of Moments
(DGMoM) approach [1]. This computational framework combines the spatial discretization of the Dis-
continuous Galerkin finite element method, with the velocity and internal energy discretization of the
Method of Moments [5]. The macroscopic quantities of the gas - density, bulk velocity, temperature, etc.
- appear as moments of the distribution function, which allows for comparison with experimental results.

These comparisons are carried out for a one-dimensional heat flux problem, and for two-dimensional
mass flow through a micro-channel. Through the incorporation of accurate microscopic effects, we are
able to obtain good agreement between simulation and experimental results. In the continuum and free
molecular limits, we re-obtain the analytic results derived from kinetic theory. Finally, conservation and
dissipation laws are maintained analytically and will be numerically verified.
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ABSTRACT

Surface-confined non-equilibrium evaporative flows play a central role in new technologies that exploit
nanoscale confined flows, ranging from nanoporous membranes for distillation, hydrogen/carbon dioxide
storage, to evaporative cooling in electronics. Understanding of non-equilibrium liquid-vapour phase
changes and fluid-solid molecular interactions that are critical to these and other such technologies is
still at an early stage. In this work, we propose a molecular kinetic model that consistently resolves the
coupled interactions among vapour, liquid and solid surface in such flows. This ‘bottom up’ approach
can describe the formation of the liquid-vapour, liquid-solid and vapour-solid interfaces and the effects of
non-equilibrium and real fluids, which does not need empirical models depending on ad hoc parameters
such as the evaporation/condensation coefficients and contact angle. In addition, fluid-solid molecular
interactions are explicitly considered in the transport equations, eliminating the reliance on pre-defined
boundary conditions. This mesoscopic framework bridges the gap between molecular-scale dynamics
and macroscopic hydrodynamics, striking a balance of computational accuracy and efficiency.

Molecular kinetic model

By appropriately modelling fluid-fluid and fluid-surface interactions, the transport equations governing
the nano-scale confined flows (NCFs) can be expressed as

Dtf = Qff +Qlgfs +Qmfs,

Dtg = 0.5|ξ|2(Qff +Qlgfs) +Qefs,



 (1)
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where Qmfs and Qefs drive the momentum (f ) and energy (g) distribution functions toward the wall
Maxwellian feqw and geqw via fluid-solid molecular collisions. Therefore, the boundary conditions at solid
surface are an integral part of the governing equation. During fluid-surface collisions, only the temporal
evolution of distribution functions is considered, as the spatial advection term vanishes due to the fixed
position of the solid surface. As a result, Qmfs and Qefs can be singled out from the molecular kinetic
model (1) and expressed separately as:

∂tf = −τ−1
m (f − feqw ), (2a)

∂tg = −τ−1
e (g − geqw ), (2b)

where τm and τe are relaxation times for the momentum and energy. Linking the relaxation times with
the accommodation coefficients, the above governing equations become

f(ξt, ξn)− f(ξt,−ξn) = −ωm [f(ξt,−ξn)− feqw ] , (3a)

g(ξt, ξn)− g(ξt,−ξn) = −ωe [g(ξt,−ξn)− geqw ] . (3b)

Here, −ξn and ξn denote the normal velocities of incoming and outgoing molecules, while ξt represents
the tangential velocity component. The momentum and energy accommodation coefficients ωm and ωe
measure the momentum and energy transfer rates between the fluid and the solid. These coefficients can
be determined experimentally, through MD simulations, or via theoretical calculations. More details can
be found in Shan et al. [1].

Results and discussion

(a)

ρ (kg m-3)

(c)

(b)

(d)

(e)

(f )

(h)

(g)

(i)

(j)

Figure 1: Density contour in the hydrophilic (a− e) and hydrophobic (f − j) nanochannels. Figures (a)
to (e) correspond to time at t = 0.00 ns, 0.01 ns, 0.03 ns, 0.47 ns, 0.67 ns, respectively. Figures (f ) to
(j) correspond to time at t = 0.00 ns, 0.02 ns, 0.52 ns, 1.40 ns, and 1.76 ns, respectively.
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When a liquid-vapour interface meets a solid boundary, a three-phase contact line forms. Here, we con-
sider a nanochannel initially filled with a central liquid region bounded by the vapour regions at the two
open ends, as illustrated in figure 1. The distinct confinement characteristics lead to different meniscus
evolution behaviours. In the hydrophilic confinement (figure 1(a− e)), the strong liquid-solid adhesion,
surpassing the liquid cohesive force, enhances surface wetting, so liquid molecules are pulled to the solid
surface to form an adsorbed film and a concave meniscus. Since liquid molecules are more stable at the
liquid-solid interface, it becomes kinetically hindered to replenish the evaporating liquid at the centreline.
This inefficient mass transfer ultimately leads to the meniscus rupture at a critical point (see figure 1(e)),
when molecular cohesion overcomes the momentum input from non-local liquid-vapour collisions. By
contrast, for the hydrophobic channel (figure 1(f − j)), liquid cohesion prevails over adhesion. Hence,
the liquid de-wets from the solid surface, forming a convex meniscus and creating a vapour gap near
the wall. Liquid molecules near the liquid-vapour interface are in a higher energy state and thus more
prone to evaporate than those in the bulk. Consequently, the convex meniscus evolves into an isolated
droplet, as shown in figure 1(i). The liquid molecules at the droplet centre are the most stable and last to
evaporate, after which the droplet disappears and no liquid exists (figure 1(f )).
Figure 2 shows the simulated ripening process of two droplets, where the density contour plots with
the velocity vector fields at different times for the temperature of T = 0.6, non-dimensionalized by the
critical temperature. Initially, the liquid-vapour interfaces of the two droplets evaporate rapidly to reach
the average saturate pressure. Then, the ripening process takes place, as can be seen from the velocity
field, which clearly shows the mass transfer from the smaller droplet to the larger one (t=100, 1800,
4000). Note that, during the ripening process, the larger droplet grows at the expense of the smaller one,
with no liquid bridge forming between them, and the transfer rate increases significantly as the smaller
droplet becomes smaller (t=4000). Eventually the system reaches a steady state and only one stationary
droplet remains in the domain (t=5400).

Figure 2: Simulated droplet ripening process at T = 0.6. The time of each image is displayed in the top
left corner, and the velocity vector is represented by a white arrow.
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ABSTRACT

In this work, we develop a continuum model for the thermodynamics of granular systems consisting of
rigid oriented particles by extending the state variables to account for the additional granular state vari-
ables. The state variables to describe oriented granular gas are the granular temperature and the granular
orientation in addition to the standard state variables which are density, velocity and thermodynamic
temperature. The granular temperature is a nonnegative scalar value that represents the energy of the
agitated particles (energy of the translation and rotation velocities fluctuations). The orientation is a sym-
metric, trace-free and bounded second order tensor representing the particles orientation distribution.
The orientation tensor measures the deviation from isotropic orientation distribution.
The two additional granular state variables are governed by associated balance laws that are the granular
energy and orientation which are in addition to the conservation of mass, balances of linear momentum,
thermal energy and entropy. Defining the orientation entropy contribution in terms of the orientation
tensor, the Gibbs equation is used to identify entropy thermodynamic fluxes (driving to equilibrium)
in terms of the thermodynamic forces (deviation from equilibrium) and the state variables. Using the
non-negative entropy production requirement, the constitutive laws are constructed for all the fluxes.
The constitutive laws for the fluxes, as first order approximation, are constructed by taking the fluxes
to be linear combinations of the forces. The phenomenological coefficients matrix is obtained using
the Onsager-Casimir reciprocity principles, which is required to be positive semi-definite. The general
representation of the phenomenological coefficients matrix includes all the possible coupling, and the
phenomenological coefficients are tensor of up to sixth order.
This formulation is too general and can only serve as a reference to generalize the constitutive laws if
needed. To obtain a meaningful model we must make substantial simplifications by neglecting, what we
consider, secondary effects. The developed constitutive laws are compared with models available in the
literature for spherical particles as a special case. It is shown that the developed constitutive laws can
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describe spherical particles, and more importantly, to provide a systematic framework to generalize these
laws to oriented particles.

Orientation tensor

The particle orientations are represented by the second moment of the orientations [1] defined by

Aij =

∮

s2
f(k)kikjdk− 1

3
δij ,

∮

s2
f(k)dk = 1 (1)

where f(k) is the probability density function in the direction k, s2 is the unit sphere and δij is the
identity matrix. It follows that the orientation tensor is a symmetric, trace-free and bounded second
order tensor, which measures the deviation from isotropic orientation distribution. The two non-linear
invariants of Aij are

i1 = AlmAlm , i2 = AlmAlnAln , (2)

where i1 = 0, i2 = 0 for isotropic distribution and i1 = 2/3, i2 = 2/9 for completely aligned distribu-
tion.

State variables and balance laws

For granular systems of oriented particles the extended state variables [2, 3] are density, thermodynamical
temperature, granular temperature and orientation

{ρ, vi, θ, T,Aij} , (3)

respectively. The associated balance laws are conservation of mass, balance of linear momentum, balance
of thermodynamic energy, balance of granular energy, balance of orientation and balance of entropy

ρ̇+ ρvl,l =0 ,

ρv̇i + til,l =0 , tij = pδij − tvij ,

ρcv θ̇ + ql,l = r

ρ
5

2
Ṫ +Ql,l =− r − tlmdlm , dlm = v(l,m) ,

ρÅij +Gijl,l = Pij , Åij = Ȧij +Ailv[l,j] − v[i,l]Alj ,

ρṡ+ ϕl,l =Σ ≥ 0 ,

respectively, which must be closed with constitutive laws for the stress tij , heat flux ql, rate of energy
exchange between thermal and granular energies, granular heat fluxQl, orientation fluxGijk, orientation
production Pij , entropy flux ϕi and entropy production Σ.

Entropy

The additional entropy contribution associated with the orientation is take as

s =
a1
2
i1 +

a2
3
i2 +

a3
4
(i1)

2 + ... , (4)

such that the Gibbs equation takes the form

ds = − p

Tρ2
dρ+

1

θ
du+

1

T
dU + Λlm dAlm , (5)
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where by (4)
Λij = a1Aij + a2A

2
ij + a3i1Aij + ... . (6)

It follows that the entropy production is

Σ = r

(
1

θ
− 1

T

)
+ ql

(
1

θ

)

,l

+Ql

(
1

T

)

,l

+
1

T
tvlmdlm + PlmΛlm +GlmnΛlm,n (7)

where tvij is the viscous stress.

Constitutive laws

It follows form (7) that the thermodynamic forces are

Fα =
[
1/θ − 1/T , (1/θ),i , (1/T ),i , dij , Λij , Λij,k

]
, (8)

and the conjugate thermodynamic fluxes are

Jα =
[
r , qi , Qi , t

v
ij/T , Pij , Gijk

]
. (9)

Taking the thermodynamic fluxes to be linear functions of the thermodynamic forces

Jα =
∑

β

LαβFβ , (10)

where the phenomenological matrix Lαβ must be positive-semi definite. Invoking the Onsager-Casimir
reciprocity principle, the force-flux relations are




r

qi

Qi

tvij/T

Pij

Gijk




=




A1 0 0 B1
lm B2

lm 0

0 B3
il B4

il 0 0 C1
ilmn

0 B4
il B5

il 0 0 C2
ilmn

−B1
ij 0 0 C3

ijlm −C4
lmij D1

ijlmn

B2
ij 0 0 C4

ijlm C5
ijlm D2

ijlmn

0 C1
lijk C2

ijkl −D1
ijklm D2

ijklm Eijklmn







1/θ − 1/T

(1/θ),l

(1/T ),l

dlm

Λlm

Λlm,n




. (11)

Using the isotropic functions representation theorem, the components of phenomenological matrix

{A,Bij , Cilmn,Dijlmn, Eijklmn} (12)

are constructed by products of the identity matrix, δij , the Levi-Civita symbol, ϵijk, and the orientation
tensor, Aij , and can only depend on the objective scalar quantities {ρ, θ, T, i1, i2}, which simplifies the
mathematical structure.

Summary

The formulation of the thermodynamic of oriented granular gases in terms of the phenomenological
transport coefficients is completed by determining these coefficients from available results and experi-
ments. Here, the transport coefficients are determined by comparison with results available in the litera-
ture for spherical and non-spherical particles. It is shown that the proposed formulation can capture all the
available results by determining the relevant associated phenomenological transport coefficients. In addi-
tion, the proposed formulation provides a systematic framework to further generalized thermodynamics
of granular gases which is consistent with the second law of thermodynamics.
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ABSTRACT

Introduction

Recently, a system of moment equations [1] has been derived from Enskog-Vlasov equation (EV) [2]
and applied to various types of nonequilibrium flows in which liquid and vapor regions coexist, being
separated by a fully resolved interface [3, 4]. The EV equation has an intrinsic nonlocal structure, inher-
ited from Enskog’s kinetic theory of the dense hard sphere fluid. Grad-26 moment equations, derived
in Ref. [1], are based on a local (differential) expansion of the hard sphere collision integral and self-
consistent field term, generated by the potential attractive tail. Expanding nonlocal terms is fully justified
in regions where flow variations are small across a distance on the order of the range of molecular forces.
However, expansions accuracy must be confirmed in the liquid-vapor interface region, whose thickness
is on the order of ten molecular diameters. Here, higher order moments, crucial for the description of
kinetic layers in the vapor, are produced in an extremely narrow region, corresponding to the vapor-side
half of the interface [1, 3].
The present work aims at obtaining a set of moment equations, based on the linearized EV equation, in
which fluxes and sources keep their exact, nonlocal form. Then, the accuracy of the moment approxima-
tion depends only on the number of moments, not on the order of the expansion turning nonlocal into
local terms.

Test problem: two-phase Couette flow

Comparing local and nonlocal forms of moment equations is easier in the case of a two-phase Couette
flow, in which shear is imposed to the liquid and vapor phases, separated by an interface (see Fig. 1).
When shear rate is small, energy and momentum transfer decouple [1] and it is possible to consider an
isothermal Couette flow. In this case, the density keeps its equilibrium profile n0(x) determined by the
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following equations [5], for each temperature T0 below the critical temperature Tcrit:

kBT0
dn0
dx

= n0(x)F
(0)
x (x) + 2πa2n0(x)kBT0

∫ +1

−1
kxY

[
n0(x− a

2
kx)
]
n0(x− akx) dkx (1)

F (0)
x (x) = −2π

[
ϕt(a)

∫

|y−x|≤a
(y − x)n0(y) dy +

∫

|y−x|>a
(y − x)ϕt(|y − x|)n0(y) dy

]
. (2)
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Figure 1: Left - Equilibrium density profile at reduced temperature T ∗
0 = kBT0/ϵ = 0.6. Right -

Velocity profile, parallel to the interface, from Grad26, local moment approximation [1]

.

In Eqs. (1,2), F (0)
x (x) is the mean field generated by the soft tail of the intermolecular potential ϕt,

wheras a is the diameter associated with the hard sphere potential.
The assumed small shear rate allows writing the fluid distribution function as f(x,v, t) = f0(x,v)[1 +
h(x,v, t)], being f0(x,v) the nonuniform equilibrium Maxwellian:

f0(x,v) = n0(x)ω0(v), ω0(v) =
1

(2πRT0)3/2
exp

(
− v2

2RT0

)
(3)

and h(x,v, t) the shear induced perturbation. Linearized fluid flow equations are obtained from the
following, general balance equation for a molecular property ψ(v):

∂Mψ

∂t
+

∂

∂x

(
J
(k)
ψ + J

(c)
ψ

)
− F

(0)
x (x)

m

∫
∂ψ

∂vx
f0(x,v)h(x,v, t) dv = S

(c)
ψ (x, t) (4)

where:

Mψ(x, t) =

∫
ψ(v)ω0(v)h(x,v, t) dv (5)

J
(k)
ψ (x, t) = n0(x)

∫
vxψ(v)ω0(v)h(x,v, t) dv (6)

J
(c)
ψ (x, t) =

a2

4

∫
dv dv1 d

2k(g · k)+
∫ a

0
dλkx∆ψ(v,v1, k̂)Y

[
n0

(
x1 + x2

2

)]
×

n0(x1)n0(x2)ω0(v1)ω0(v2)[h(x1,v1, t) + h(x2,v2, t)] (7)

S
(c)
ψ (x, t) =

a2

2

∫
dv dv1 d

2k(g · k)+Σψ(v1,v2, k̂)Y
[
n0

(
x− a

2
kx

)]
×

n0(x)n0(x− akx)ω0(v1)ω0(v2)[h(x,v1, t) + h(x− akx,v2, t)] (8)
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where:

∆ψ(v1,v2, k̂) = [ψ(v∗)− ψ(v)]− [ψ(v∗
1)− ψ(v1)]

Σψ(v1,v2, k̂) = [ψ(v∗)− ψ(v)] + [ψ(v∗
1)− ψ(v1)]

As shown in Ref. [1], for the isothermal Couette flow, Grad26 closure is based on the five moments
uy(x, t), σxy, qy(x, t), mxxy(x, t) and Rxy(x, t). The associated perturbation h(x,v, t) takes the form:

h(x,v, t) = uy(x, t)
vy
RT0

+ σxy(x, y)
vxvy

ρ0(RT0)2
+ qy(x, t)

vy
5ρ0(RT0)2

(
v2

5RT0
− 1

)
+

mxxy(x, t)
5

8

vy
ρ0(RT0)3

(
v2x −

v2

5

)
+Rxy(x, t)

vxvy
7ρ0(RT0)3

(
v2

2RT0
− 7

2

)
(9)

In Eq. (9), uy(x, t) is the shear flow velocity, σxy is the kinetic tangential stress, qy(x, t) is the y compo-
nent of the kinetic heat flux, whereas mxxy(x, t) and Rxy(x, t) are two additional third and fourth order
moments, respectively. Setting ψ(v) equal to the polynomials corresponding to each field uy,σxy, qy,
mxxy, Rxy and inserting the above expression for h into the sources and fluxes expressions, Eqs. (4) are
turned into a system of five linear integro-differential equations1. For simplicity, we give below the form
of the equation of conservation of momentum along the direction y, paralell to the liquid-vapor interface:

ρ0
∂

∂t
uy +

∂

∂x

(
σxy +

5∑

l=1

J
(c)
1l

)
= 0 (10)

J
(c)
11 (x, t) = ma2

√
πRT0

∫ +1

−1
dkx

∫ a

0
dλ kx

(
1− k2x

)
W0(x1, x2)× [uy(x2)− uy(x1)] (11)

J
(c)
12 (x, t) =

πa2

2

∫ +1

−1
dkx

∫ a

0
dλ k2x

(
1− k2x

)
W0(x1, x2)×

[
σxy(x1)

n0(x1)
+
σxy(x2)

n0(x2)

]
(12)

J
(c)
13 (x, t) =

a2

10

√
π

RT0

∫ +1

−1
dkx

∫ a

0
dλW0(x1, x2)kx(1− k2x)

[
qy(x2)

n0(x2)
− qy(x1)

n0(x1)

]
(13)

J
(c)
14 (x, t) = −a

2

16

√
π

RT0

∫ +1

−1
dkx

∫ a

0
dλW0(x1, x2)kx(1− k2x)(1− 5kx2)×

[
mxxy(x2)

n0(x2)
− mxxy(x1)

n0(x1)

]
(14)

J
(c)
15 (x, t) = 0 (15)

where x1 = x+ λkx, x2 = x+ (λ− a)kx and W0(x1, x2) ≡ n0(x1)n0(x2)Y
[
n0
(
x1+x2

2

)]
. As shown

by the expressions above, collisional sources and fluxes at x are obtained by weighting macroscopic
field over the interval [x− a, x+ a]. Weighting functions are specific to the particular balance equation
and and macroscopic field contribution. It is also interesting to note that total fluxes result from the sum
of a kinetic and a collisional contribution. Hence, the total tangential stress (the quantity within brack-
ets in Eq. (10)) is not given by σxy, as in the dilute gas limit, but it contains contributions from other
moments. In spite of their relatively complicated structure, the numerical solution of the moment equa-
tions is greatly simplified by expressing each macroscopic field as superposition of base functions. Then,
the numerical calculation of sources and fluxes is reduced to vector-matrix products, in which matrices

1 Analytical manipulations have been done by open source Maxima platform
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can be precomputed and stored.

As examples, Figure 2 shows the profiles of nonlocal sources S(c)
22 (x) and S(c)

32 (x) :

S
(c)
22 (x) = a2

√
πRT0

∫ +1

−1
dkxW

′
0(x1, x2)

(
1− 3k2x + 4k4x

)
×
[
σ
(k)
xy (x1)

n0(x1)
+
σ
(k)
xy (x2)

n0(x2)

]
(16)

S
(c)
32 (x) =

πa2

2
RT0

∫ +1

−1
dkxW

′
0(x1, x2)kx

(
1− 2k2x

)
×
[
σ
(k)
xy (x2)

n0(x2)
− σ

(k)
xy (x1)

n0(x1)

]
(17)

x1 = x, x2 = x− akx

giving the contribution of σxy to the tangential stress and heat flux equation, respectively. Nonlocal
profiles are compared to the corresponding local approximation, up to terms of degree a4, as done in
Refs. [1, 4]. The field σxy is provided by solutions of the linearized, local Grad26 equations [1].
As expected, discrepancies are more pronounced at lower temperature, where the density profile is
steeper, in the interface region. Also, as suggested by previous results [1, 4], nonlocal and local expres-
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Figure 2: Comparisons of nonlocal and local expressions of source terms S(c)
22 and S(c)

22 . Left - T ∗
0 =

0.45. Right - T ∗
0 = 0.60.

sions present discrepancies that reduce on approaching the critical temperature. The complete (numeri-
cal) solution of the nonlocal form of the balance equation is underway to understand whether the observed
discrepancies [1] between moment equations and EV-DSMC solutions, at low reduced temperatures, are
caused by the moments choice or by the order of local expansions.
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ABSTRACT

We investigate the occurrence of flow circulation in an open triangular cavity filled with a gas at highly
rarefied conditions. The cavity is subject to an external shear flow that is either in the circular or lin-
ear direction at its inlet. The problem is studied analytically in the free-molecular limit and numerically
based on the direct simulation Monte Carlo (DSMC) method. The corner walls are modelled based on the
Maxwell boundary condition, as either specular or diffuse. The results are obtained for arbitrary values of
the outer flow speed and corner angle. Remarkably, it is found that multiple recirculation zones occupy
the corner domain in the absence of molecular interactions. In the specular-corner setup, such topolo-
gies occur at non-large outer-flow speeds and distinct corner-angle intervals. In the diffuse-wall case, the
cavity flow field contains two recirculation zones at sufficiently low corner angles for both circular and
straight outer flows. The results are rationalized based on the ballistic particle kinematics, suggesting
insight into the relation between the microscopic description and the hydrodynamic (observed) genera-
tion of circulation. The effects of molecular collisions on the corner flow pattern is inspected via DSMC
calculations.

Introduction

The occurrence of ‘corner eddies’, a sequence of vortices of decreasing size and strength in the vicinity of
a sharp edge, has been initially revealed and analyzed by Moffatt in the 1960s, in the context of continuum
incompressible flows [1]. Ever since, follow-up continuum-flow investigations have been carried out (see
Ref. [2] and works cited therein), considering the two-dimensional wedge-confined problem, as well as
the three-dimensional cone-edge configuration. Both free-surface (external-flow-induced) and lid-driven
setups have been examined, and the impacts of solid walls dynamic and thermodynamic conditions have
been investigated in detail, to examine their effect of the developed flow field.
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Figure 1: Schematic of the problem. A two-dimensional corner of length R∗ and angle opening 2α is
affected by an external uniform flow in the azimuthal θ̂ (Fig. 1a) or vertical ŷ (Fig. 1b) directions, set at
density ρ∗out, temperature T ∗out and speed V∗out.

Lid-driven and non-lid-driven (open) cavity flows have also been considered in the context of rarefied gas
flows. The latter are primarily encountered in grooved microchannel geometries, and are also ubiquitous
in outer-space flight objects, where design constraints result in non-smooth surface structures. In the
former, flows passing through rough channels have been analyzed (e.g.,Refs. [3, 4]). In the latter, the
effect of surface grooves on the vehicle drag force has been examined [5, 6]. Almost invariably, all
works studying rarefied gas cavity flows rely on numerical simulations, applying the direct simulation
Monte Carlo (DSMC) method [7], which is routinely used for the description of dilute gas flows. While
DSMC calculations are known to converge to the solution of the Boltzmann kinetic equation, they require
considerable computational efforts and lack the insight that may be gained through rigorous analysis. In
particular, corner-flow DSMC calculations are formidably challenging, as low flow speeds are expected,
resulting in an inevitable decrease in the signal-to-noise ratio. This prohibits a detailed description of
vortex formation near the sharp corner, which is a main focus of the current study.
In view of the above, the objective of the present work is to investigate the formation of corner circu-
lation in the highly-rarefied gas-flow regime. To this end, we consider the high-Knudsen limit of the
two-dimensional gas flow developed in the vicinity of a sharp edge and driven by an external stream.
Closed-form analysis is made in the free-molecular limit, where the impact of corner side wall condi-
tions is detected based on the Maxwell boundary model. The results obtained are compared with DSMC
calculations, to test their validity and examine the effect of few molecular collisions (at large yet finite
Knudsen numbers) on the vortical flow field.

Statement of the problem

Schematic of the problem is presented in Figure 1. Consider a perfect monatomic gas passing in the vicin-
ity of a two-dimensional corner confined between solid walls of length R∗ (hereafter, asterisks denote
dimensional quantities) with angle opening 0 < 2α < π. The outer flow is set at uniform density ρ∗out
and temperature T ∗out. Using the marked cartesian (x∗, y∗) or polar (r∗, θ) coordinate systems, two setups
are examined, where the outer flow velocity V∗out is directed either in the azimuthal θ̂ (Fig. 1a) or ver-
tical ŷ (Fig. 1b) directions. These represent the open-cavity counterparts of circular- and straight-wall
lid-driven flows, respectively, that may be generated by the corresponding motion of a far-field wall, not
modelled in the present work. Placing the axes origin at the corner edge, we seek to describe the steady
gas motion inside the corner in the highly rarefied flow regime, where the corner length R∗ is assumed
small compared with the gas mean free path.
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Figure 2: Division of the (α,Vout) plane for a specular-wall corner in the free-molecular regime into
subdomains with different numbers of vortical structures. The blue, light blue, green and yellow zones
mark parameter subdomains with one, two, three and four vortices, respectively, as indicated. Fig. 2a
presents results for circular outer flow and Fig. 2b shows counterpart data for straight external flow. The
red circles in Fig. 2b mark the parameter combinations referred to in Fig. 3.

To render the problem dimensionless, we scale the position by the corner walls length R∗, the velocity
by the outer-temperature-based most probable molecular speed U∗mp, and the density and temperature
by ρ∗out and T ∗out, respectively. The system non-dimensional description is subsequently governed by the
outer flow reduced velocity Vout and the corner semi-angle α. In addition, the gas mean Knudsen number
is introduced, Kn = λ∗/R∗, where λ∗ marks the mean free path of a gas molecule at the outer flow
conditions. Assuming a hard-sphere gas model, λ∗ = m∗/(π

√
2ρ∗outd

∗2), where m∗ and d∗ denote the gas
molecular mass and diameter, respectively [8]. For simplicity, we model the gas-surface interaction via
the Maxwell wall condition, and study the specular- and diffuse-surface cases separately. The detailed
formulation of the wall conditions, as well as the inlet Maxwellian distribution, are skipped for brevity.

Results

Figs. 2 and 3 illustrate some of our results in the free-molecular (Kn → ∞) limit for a specular-wall
corner, where our analysis enables kinematic rationalization of the observed vortical flow-field. The
details of rationalization are skipped and will be discussed in the full-paper version.
Remarkably, Figs. 2 and 3 indicate the occurrence of multi-vortex fields in the free-molecular limit.
Figure 2 presents the division of the (α,Vout) plane of parameters into domains with different numbers of
vortical structures, where the blue, light blue, green and yellow subdomains mark parameter areas with
one, two, three and four vortices, respectively. The results for the cases of circular and straight outer flows
are shown in Figs. 2a and 2b, respectively, and are based on the free-molecular solution. In common to
both setups, at sufficiently low Vout speeds (Vout . 1), we find an alternating change in the number of
vortices between one and two. At a fixed (and sufficiently low) value of α, an increase in Vout yields the
appearance of multiple vortical structures, which are added in pairs.
To complement Fig. 2, Fig. 3 presents the free-molecular velocity amplitude colormaps and streamlines
in a specular-wall corner at the indicated combinations of α and Vout, also marked by circles in Fig. 2b.
Figs. 3a and 3b show characteristically low Vout = 0.1 results at α values that are slightly below and above
α = 15◦. Fig. 3c then shows counterpart data at α = 14.9◦ and large Vout = 2.4. In line with Fig. 2, Figs.
3a and 3b show flow fields with one and two vortices, respectively, where the added vortex appearing
at α = 15.1◦ is confined to the proximity of the corner origin. The maximum flow speed observed in
all cases is significantly lower than the outer Vout value, due to the strong effect of particles arriving at
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Figure 3: Free-molecular velocity amplitude colormaps and streamlines in a specular-wall corner at the
indicated combinations of the corner semi-angle α and outer-flow speed Vout for straight outer flow.

the outlet section from inside the corner, which reduce the total speed. At α = 14.9◦ and Vout = 2.4,
the flow contains three circulation zones. While the vortices are approximately symmetrically located
about the θ = 0 axis in Figs. 3a and 3b, they are asymmetrically distributed in Fig. 3c. This, as well as
additional observations, will be rigorously rationalized in the full-paper version of our work, based on
the free-molecular solution.
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ABSTRACT

The Direct Simulation Monte Carlo (DSMC) method is a state-of-the art numerical approach to simulat-
ing the Boltzmann equation governing the behaviour of non-equilibrium gas flows [1] that models the gas
as a collection of stochastically interacting computational particles, each representing a large number of
actual gas atoms or molecules. Its conceptual simplicity, high parallel efficiency, and extensive modelling
capabilities, such as modelling of chemical reactions, radiation, and coupling to particle-in-cell solvers
for plasma simulations, have led to its widespread adoption.
However, the standard DSMC method assumes that each computational particle represents a single fixed
number of actual gas particles. This potentially leads to issues in modelling of multi-species flows where
some of the species’ molar fractions are significantly lower [2], and of flows with strong density gra-
dients [6], as very large numbers of simulation particles are required to resolve these trace species. It
also may lead to poor resolution of high-energy particle populations (high-speed particles or particles in
excited internal energy states), affecting reaction rates and simulation fidelity. To solve these issues, var-
ious schemes have been proposed: species-wise weighting methods [2, 3], and the stochastic weighted
particle method (SWPM) [15]. Whilst these approaches resolve the issues associated with resolution of
trace populations, they require creation of addition particles during the particle collision process, which,
if left unchecked, leads to an exponential growth in the number of computational particles, making a
simulation impossible.
To resolve this issue of particle number growth, merging approaches have been developed, that reduce
the number of particles in the simulation by replacing the original set of particles with a new, smaller
set of particles [14]. Although the conservation of basic invariants such as mass, momentum, and energy
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during a merging procedure is relatively easy to ensure, the distortion introduced into the particle distri-
bution by the merging can lead to erroneous results, even if the procedure itself is conservative [12, 6].
Therefore, recent works have focused on conservation of higher-order moments of the distribution func-
tion [4, 5, 10]. However, these approaches are oftentimes associated with a significantly higher cost com-
pared to methods that only conserve the lowest-order moments and use semi-empirical particle grouping
algorithms to reduce the induced error [17, 8, 7] by applying the reduction procedure to small groups of
particles.
In the present work, we investigate and compare several simple particle reduction algorithms coupled
with non-adaptive grid-based and adaptive octree-based particle grouping strategies within variable-
weight DSMC. The methods are implemented in an open-source variable-weight DSMC code and applied
to the simulation of Couette and Fourier flows, where their performance is evaluated in terms of compu-
tational efficiency and numerical accuracy.

Particle reduction

We investigate three approaches to particle reduction: 1) the N : 2 method of Martin and Cambier [8],
which replaces N particles with 2 and conserves mass, momentum, and energy, as well as the inde-
pendent x, y, z components of the energy; 2) a N : 3 method that conserves the full stress tensor by
replacing N particles with 3 and utilizing the additional degrees of freedom; 3) a N : 1 method that
conserves mass and momentum and the results of which are rescaled to conserve energy as well. We
denote these methods as “C”, “ST”, “R”.
The possibility of conserving energy when using the N : 1 approach is due to the fact that although
in each particle group, only 1 particle remains after merging, the whole system of post-merge particles
contains at least 2 particles; thus, it is possible to additionally rescale the post-merge velocities of the
particles to ensure conservation of energy. In a similar fashion, the post-merge particle positions can also
be rescaled to ensure conservation of the second spatial moments of the pre-merge particle distribution.

Particle grouping

The particle reduction methods described above are applied to groups of particles close in phase space, as
this reduces the simulation error [6]. In the present work, we consider the adaptive octree-based grouping
of Martin and Cambier [8], which we denote as “OC”, as well as a simpler and faster non-adaptive
grouping based on a uniform grid in velocity space [17, 11], which we denote as “G”.
The adaptive octree merging routine automatically refines the particle clusters until a target post-merge
number of particles is reached. The grid-based approach requires setting the number of grid elements in
advance, as well as the grid extent. In the present work, we consider the grid extent to be governed by
a multiple of the mean thermal velocity

√
2kT/m. The impact of the choice of the grid extent will be

studied in the present work.

Numerical results

We consider the one-dimensional microscale flows, and compare the different grouping approaches cou-
pled with the different particle reduction schemes. The merging approaches were implemented in the
open-source variable-weight DSMC code Merzbild.jl [9].
The preliminary results are shown for the simulation of a Couette flow with the following parameters:
the domain length is 5 × 10−4 m, the velocity of the left wall in y-direction is -500 m/s, the velocity
of the right wall in the y-direction is 500 m/s, and the wall temperatures are 300 K. An argon gas is
considered using the VHS potential. The flow was initialized with 150 particles/cell, and octree merging
(“OC”) was performed with the target number of particles set to 100 each time the number of particles
in a cell exceeded 150. The timestep size was chosen as 2.59 × 10−9 s. The number density was taken
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to be 5 × 1022 m−3, corresponding to a Knudsen number of approximately 6 × 10−2. The variable-
weight collision scheme of Schmidt and Rutland was used for the simulations [16]. The SPARTA fixed-
weight DSMC code [13] was used to compute reference values against which the other approaches are
benchmarked.

Merging method Normal pressure, Pa Shear stress, Pa
OC+R (N : 1) 327.8 61.6
OC+C (N : 2) 314.2 56.1

OC+ST (N : 3) 321.8 56.8
G+C (N : 2) 319.0 56.0

Reference 306.1 53.8

Table 1: Values of normal pressure and shear stress on the left wall for various merging methods, Couette
flow. “Reference” denotes values obtained from a fixed-weight DSMC simulation.

Table 1 shows the time-averaged computed values of the normal pressure and the (x, y) component of
the shear stress tensor on the left wall. The time averaging was performed for 36000 steps after the
system had reached steady state. It can be seen that the use of rescaled N : 1 (“OC+R”) merging leads
to stronger deviations in the computed shear stress values, whereas for the normal pressure the impact of
the choice of merging procedure is less clear. The grid-based merging approach (“G+C”) also exhibits
higher deviations than the octree merging routine using the same N : 2 particle reudction scheme. Even
though the grid-based merging is approximately 25% faster than the octree-based merging, the resulting
particle weight distribution is less uniform, leading to higher costs in the evaluation of collisions, thus
resulting in a 40% higher simulation cost overall.
The full work is planned to include more detailed analysis of the role of the merging schemes for the bulk
and surface quantities for microscale flows, both in terms of simulation accuracy as well as computational
efficiency, as well as guidelines as to the optimal choice of particle merging schemes for the simulation
of such flows.
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Abstract

Thermal transpiration flow is characterized by the displacement of a rarefied gas along a temperature
gradient applied to the bounding wall.
The exploitation of thermal transpiration flow for gas pumping was initially proposed in the work by
Knudsen [1], who presented a prototype of a multistage Knudsen pump.
Knudsen pumps displace gas without any moving parts. Enabling vibration-free operation and robust
performance over long periods. These key features make Knudsen pumps attractive for integration with
often mechanically delicate sensing devices [2].
Sensing applications typically require low but precise flow rates, which can be provided by a Knudsen
pump. Knudsen pumps have also been proposed as compressors for refrigeration [3] systems, an appli-
cation demanding higher performance in terms of pressure head and flow rate.
Performance enhancement of Knudsen pumps is a key factor in their wider application. The main driver
of performance is the temperature gradient, which must be applied along the pumping channels of the
device, typically micrometer in size. The creation and maintenance of considerable temperature gradients
on such a small scale are challenging. One of the main strategies to increase the temperature gradient is to
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enhance the thermal resistance of the channel structure itself, which can be achieved using low-thermal-
conductivity materials and by reducing the material cross-sections. The proposed Knudsen pump design
consists of three main parts, as shown in Fig. 1a: (1) Silicon substrate with a central opening for hydraulic
connection; (2) Low-thermal-conductivity polymer structure with an array of vertical channels connect-
ing the two sides of the substrate, fabricated by two-photon-polymerization additive manufacturing [4, 5];
(3) Metal heater deposited on the polymer structure and spanning the channel array, microscope image
shown in Fig 1b. The honeycomb channels have a hydraulic diameter of roughly 40 µm and are sep-

(1)

(3)

(2)

a) b)
200 µm

Figure 1: (a) Schematic cross-section of the Knudsen pump; (b) Microscope image of the top view of
the Knudsen pump.

arated by 5 µm thick polymer walls. The prototype comprises N = 203 parallel channels. The heater
width decreases in the channel area, as visible in Fig. 1b, and the separation walls of the channels serve
as micro-tracks carrying the heating current. In this work, we have solved the heat transfer equation to
obtain the temperature maps created by the thin film heater inside the micrometric polymer structure.
The simulations were carried out using Comsol Multiphysics 6.1. Owing to its symmetry, only a quarter
of the pump geometry is modeled. The simulation includes two domains, the polymer structure and the
gas, in this case nitrogen, filling the channels. Both solid and gas phases are modeled as solids and are
shown in Fig. 2. The obtained temperatures are moderate. Furthermore, with this channel size, the pump

(a)

(b)

Figure 2: Simulation domain with boundary conditions: (a) constant heat flux (red), (b) ambient temper-
ature (green).

should be operated under vacuum conditions to ensure a sufficient level of rarefaction. Therefore, the
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influence of radiative and convective cooling of the sample are neglected in this simplified investigation,
as the main mode of heat transfer is conduction through the gas and polymer structure. The thermal
conductivity of the polymer is roughly three orders of magnitude lower than that of silicon. Thus, in
this work, the silicon substrate is assumed to be isothermal at the ambient temperature of 298 K (see
boundary condition (b) in Fig. 2). Furthermore, the heater power is assumed to be equally distributed
over the area of the thin film heater (see boundary condition (a) in Fig. 2). The thermal simulation yields
the temperature distribution along the centerline of each channel. The extracted temperature gradients
along two channels and three different heater powers are shown in Fig. 3 (left). The presented channels
are the central channel at x = 0, y = 0 (solid lines) and the channel in the corner of the array farthest
away from the center channel at x = −290 µm, y = 270 µm (dashed lines). It is clearly visible that an
increased heater power Ph leads to higher temperature gradients, however it also results in higher mean
temperatures. Furthermore, the temperature gradients of the channels farthest from the center are almost
negligible, resulting in a lower overall performance of the pump. The pressure distribution and the mass

Figure 3: Temperature distribution along two channels: At the center x = 0, y = 0 (solid lines) and at
one corner x = −290 µm, y = 270 µm (dashed lines) of the array (left) and characteristic curve of the
overall pump (right) for different heater powers.

flow rate of the thermal transpiration flow can be solved via the infinite capillary theory [6]. The applied
temperature boundary conditions correspond to the temperature distribution results obtained via the ther-
mal simulation. The set of kinetic flow coefficients used can be found in [7] and was obtained with the
Shakhov model for a circular cross-section, assuming full accommodation at the wall. For the simulation,
the hydraulic diameter of the honeycomb shape is used. Owing to the non-uniform temperature field in
the structure, each channel of the pump exhibits a different temperature distribution. This is taken into
account in the flow modeling, where each channel is associated with its own temperature distribution in
the parallel channels system. The ith channel displays the characteristic curve

ṁi = ṁi (∆p, pm) , i = 1...203, (1)

where ṁi is the mass flow rate that the channel can maintain at a pressure head ∆p and a mean pressure
pm.
The overall characteristic curve of the pump is obtained through the sum of the mass flow rates of all
channels

ṁ(∆p, pm) =
N∑

i=1

ṁi(∆p, pm). (2)

The characteristic curve of the overall pump for three different heater powers is shown in Fig. 3 (right).
The results were obtained at a mean pressure of 1000 Pa using nitrogen as the working gas. The maxi-
mum mass flow rate, as well as the maximum pressure head, increases with the heater power.
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The presented work demonstrates that reasonable temperature gradients can be achieved with low heater
input power, highlighting the great potential of low thermal-conductivity materials for Knudsen pump
construction. Furthermore, the simulation results reveal significant differences in temperature gradients
between channels located at the center and at the edge of the array, which compromise the device perfor-
mance. Lateral thermal insulation of the channel area would therefore be advisable.
Future work should include more comprehensive modeling of the overall Knudsen pump system. This
should include possible fabrication related defects of the structure, including real channel sizes and align-
ment tolerances of different structures. Particularly the influence of the alignment precision between
polymer structure and thin film heater on the system performance should be investigated. Additionally,
this method can be used to improve the design, particularly to achieve a more uniform temperature dif-
ference across all channels in the array.
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ABSTRACT 

Photophoresis is a phenomenon that occurs when an object surrounded by a low-pressure gas is 

illuminated. An asymmetry in the object’s temperature or accommodation coefficient (AC) causes the 

gas to transfer more momentum to one side, resulting in a force [1]. This explains why a radiometer 

spins when illuminated and how aerosol layers remain aloft in the stratosphere and mesosphere (20–

100 km altitudes) under sunlight [2,3]. Photophoresis was largely considered a novelty throughout the 

20th century, but recent advancements in nanofabrication are spurring interest in new photophoretic 

devices [4].  

My colleagues and I recently showed, for the first time, that lightweight devices with engineered 

surfaces generate sufficient photophoretic lift to sustain near-space flight when illuminated by sunlight 

(Fig. 1a,b,i) [5]. As a novel propulsion mechanism, photophoresis will enable new observational 

capabilities for atmospheric and space science. The lofting forces are strongest in the mesosphere, a 

region of the atmosphere too high for planes and balloons to fly, but too low for satellites to orbit. 

Photophoretically flying devices could bridge this observational gap without fuel, batteries, or 

photovoltaics to sustain flight. These “flyers” could be deployed via stratospheric balloons or 

rocketsondes and remain aloft for up to months at a time, depending on their size, weight, and 

deployment latitude. While passive flyers without payloads can be fabricated today at low cost, scaling 

up current photophoretic designs would achieve > 100 mg payloads within 5 years (Fig. 1g,h). This 

payload capacity is enough to loft lightweight sensors to send real-time atmospheric data to the ground 

or satellites. We also lay a blueprint for practical photophoretic flight by describing deployment 

methods, device lifetimes, and active payload integration to enable in situ data collection and wireless 

communication. Photophoretic flyers could also serve as remote sensing tools in the mesospheres of 

Mars and Venus, with comparable lofting efficiencies to those on Earth. 

To predict the photophoretic forces and drag of our structures under atmospheric environments, 

we developed a computational approach that blends analytical temperature calculations with direct 

simulation Monte Carlo (DSMC) simulations (Fig. 1c) [6,7]. We used this approach to design new 

photophoretic devices with some of the largest experimentally-measured lofting forces to date (Fig. 

1d). These photophoretic materials also exhibit among the highest strength-to-weight ratios of any 

structures reported (Fig. 1e,f) [8], and they can host a variety of engineered optics, metamaterials, and 

MEMS to manipulate the photophoretic force. Investigating new device designs, materials, and 

coatings will open new frontiers in materials science and create new electronic and mechanical 

structures for systems with strict size, weight, and power (SWAP) requirements.  
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Remote sensing at altitudes above 30 km is limited by the low concentration of natural aerosols, 

with few exceptions [9]. Because the motion of photophoretic flyers is a function of the ambient wind, 

temperature, and pressure, these quantities can be determined by either remotely tracking their position 

using satellites or collecting the data in situ with active payloads. Data on incident UV flux, electron 

density, and atomic oxygen concentration can similarly be inferred from the devices’ lifetimes or 

optical changes over time. These data are critical for understanding mesospheric circulation patterns 

and the effects of space weather on the lower ionosphere. They can also be used to calibrate global 

models of the atmosphere. High-altitude balloons or rocketsondes would deploy photophoretic flyers 

in at least the mid-stratosphere, which is at a low enough pressure for them to continue rising to their 

target altitude. The specific flight altitude, lifetime, and reflectivity of a tracer can be tailored by 

changing its materials, size, and microscale features. We surveyed hundreds of materials, fabrication 

methods, and payloads to show that a wide envelope of flyer performance is achievable with well-

established fabrication methods. Furthermore, flyers can be made with inert, non-toxic materials like 

silica glass and carbon, mitigating concerns about stratospheric warming and pollution.  

In this lecture, I will give an overview of work towards photophoretic flight, starting with basic 

concepts of photophoretic levitation and a motivation for macroscopic flying platforms based on 

fundamental studies of atmospheric aerosols. I will focus on the recent work towards proof-of-concept 

flight of cm-scale structures in the lab, discuss practical concepts for near-space flight including 

persistence and deployment, and describe several use cases for atmospheric data collection and remote 

sensing.  

 

 
Figure 1: a) Atmospheric levitation of a conceptual device caused by photophoretic airflow through perforations 

in the device. b) Applications of photophoretic flyers include climate data collection, next-generation 

communications, and satellite relays. c) DSMC model of the lofting force on a perforated membrane with a 

temperature difference between its top and bottom sides. d) Experimentally measured data of three membrane-

like structures with varying ligament densities overlaid with model predictions. e) 1 cm
2
 test sample and f) SEM 
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image of its perforations. g)  A 3 cm-radius disk structure with 10 mg payload capacity that could change its 

attitude by moving the payload. h) Wire-bonding is an effective way to attach an arbitrary payload. i) Time-lapse 

of a 0.5 cm
2
 sample flying when exposed to 750 W/m

2
 (55 % the intensity of sunlight) from a white LED at 26.7 

Pa. 
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ABSTRACT

Recent work suggests that photophoretic forces could levitate thin, 10 centimeter-scale membranes in
near-space [1, 2]. Such devices could be useful for atmospheric science or telecommunications on Earth
and Mars. Generally, the photophoretic force reaches its maximum value when the molecular mean-
free-path (MFP) of the surrounding gas is about the same as the size of a solid, non-porous structure
[3, 4]. This restricts photophoretic levitation to mm-scale or smaller structures at high altitudes. How-
ever, numerical calculations of the radiometric force exerted on perforated membranes [5, 6] suggest that
the perforations increase the force when the membrane radius is significantly larger than the MFP. This
is in line with experimental data comparing the forces on porous and non-porous structures [7]. A main
assumption throughout these calculations and experiments is that the perforation size should be much
smaller than the MFP. However, the costs and difficulty of fabricating membranes increases as the perfo-
rations are made smaller. In other words, it is easier to drill or cut fewer holes with larger sizes. To study
the trade-off between perforation size and photophoretic force, we study a circular membrane composed
of coaxial rings, with varying ring sizes, numbers of rings, and distances between the rings.

The aim of the present work is to model gas flows near a circular membrane of radius a composed of
Nr coaxial rings as is shown in Figure 1. The environment temperature and pressure are fixed at T0
and p0, respectively. Following the previous work [5, 6], we assume that the membrane has different
temperatures at its sides, i.e., the top side is maintained at T0, while the bottom side has a different
temperature Tw. The width of the rings h is the same for all of them and related to the porosity β as

h =
a

2Nr

[√
(Nr − 1)2 + 4βNr − (Nr − 1)

]
. (1)
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a

h

Figure 1: Diagram of the modeled membrane.

Besides the number of rings Nr and porosity β, the solution is determined by the rarefaction parameter

δ = ap0/µv0, v0 =
√
2RgT0/M, (2)

where µ is the dynamic viscosity of the gas, v0 is the most probable speed of the gas molecules, Rg is
the universal gas constant, and M is the molar weight of the gas. We calculate the force F exerted on
the membrane. The results are presented in terms of the dimensionless force F defined as

F = F
T0

πa2p0∆T
, ∆T = Tw − T0. (3)

The direct simulation Monte Carlo method based on ab initio potential [8] is applied to calculate the flow-
field and photophoretic force exerted on the membrane. Diffuse gas-surface interactions are assumed. The
calculations are performed for helium and for the same values of porosity β of the works [5, 6]. The envi-
ronment temperature is assumed to be T0 = 300 K, while the membrane’s bottom surface temperature is
Tw = 400 K. Preliminary results are shown in Figure 2, where the data on perforated membrane [6] are
also plotted. As expected, the force F for a membrane composed from rings becomes close to that for
perforated membrane when Nr increases. We compare these results to recent experimental studies of the
photophoretic force on membranes with varying perforation area densities and sizes, which suggest that
the maximum photophoretic forces are only marginally reduced when the perforations are up to several
times larger than the MFP of the surrounding gas. We will also present how varying perforation density
and size affect structures for atmospheric flight at different altitudes.
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Figure 2: Dimensionless force F vs. rarefaction parameter δ for three different values of the membrane
porosity β.
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ABSTRACT 

 Microfluidics devices with internal gas flows are nowadays subject of a rapid development. These 

devices often operate in rarefied gas flow regimes, since the ratio (Knudsen number, Kn) of the 

molecular mean free path over the channel dimensions becomes non-negligible. In those rarefied flows, 

non-equilibrium effects are expected to occur, like temperature-jumps near the wall. However, there is 

a lack of experimental techniques capable of measuring the internal properties, such as temperature, in 

gas flows confined in small channels [1].   

 

 Raman spectroscopy is an optical tool based on the inelastic light scattering process, and has 

become a powerful non-intrusive technique to probe gas flows at the molecular level with spatial 

resolution of a few microns. These capabilities have been widely demonstrated in gas free microjets of 

small molecules at the Laboratory of Molecular Fluid Dynamics of the IEM-CSIC [2-7]. 

 

 Raman spectroscopy relies on the structure of the Quantum-Mechanical energy levels of the gas 

molecules, like other molecular spectroscopies based on the absorption or emission of microwave or 

infrared radiation. Therefore, it can access the population of the energy levels of their internal motions 

(rotation and vibration), even when those populations deviate from the equilibrium Boltzmann 

distribution [8]. 

 

 In order to extend the diagnostics capabilities of Raman spectroscopy to confined gas flows, we 

present here several examples of the application of Raman thermometry to gas flows within  millimeter-

sized channels. For this work, we have designed several channels with different geometries, and forced 

thermal gradients between some of their surfaces while flowing gases through the channels. The 

pressures ranged from atmospheric down to 20 mbar, and the flow velocities ranged from 10 to 300 

cm/s. The most rarefied flows lie in the slip regime (Kn≥10−3). 

 

 The experiments carried out so far have demonstrated that the gas temperature in the flow can be 

mapped with high spatial resolution, from the rotational and vibrational Raman spectra of molecules 

like N2, CO2 and H2. The recorded temperature maps of the confined flows under thermal gradients show 
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a different thermal behavior for gases like CO2, that absorbs IR radiation, versus those like N2 or H2 

which are transparent to it. 
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ABSTRACT 

In high Knudsen number environments, such as rarefied gas flows or micro / nano gaseous flows, the 

existence of temperature difference / gradient induces a flow called a thermal transpiration flow. This 

thermally driven flow has been extensively studied for a long time [1], and it has been utilized in 

Knudsen pumps / compressors [2]. As a reaction of this flow, the Knudsen force acts on the surface. 

 Recently, several researchers have achieved levitation of an object with the photophoretic force 

[3,4]. Photophoresis is induced by a non-uniform temperature distribution, similar to the thermal 

transpiration flow. A particle is known to levitate by a temperature gradient [5]. Thus, it would be 

possible to realize a reduction in the friction acting on an object by inducing the Knudsen force 

through a temperature distribution. 

 In this study, we followed the numerical study by the DSMC in which an object with narrow 

perpendicular channels placed above a heated flat plate was subjected to a lift force [6]. We observed 

an object on a inclined heated flat plate to evaluate the friction reduction. 

 A flat plate with a heater attached was placed on a goniometer stage. By installing it inside a 

vacuum desiccator made of acrylic, the pressure inside the desiccator could be varied. The friction 

 

 
 

Figure 1: The travel distances of the object with different conditions. 
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acting on an object was investigated by dropping the object down the inclined flat plate and observing 

its subsequent behavior. 

 The observations were performed at slightly low pressure of 10 kPa under two conditions: left at 

room temperature without heating and heated up to 100℃. We measured the travel distance of the 

object sliding down the inclined flat plate. Figure 1 shows that while the object hardly moves under 

the unheated condition, it moves significantly when heated. It suggests that heating the flat plate 

induced a thermal transpiration flow and a Knudsen lift force, reducing the friction acting on the 

object. 

Acknowledgments 

This work was supported by JSPS KAKENHI Grant Numbers JP17K06141, JP20K04279, 

JP23K03666, and JP25K01171. 

References and Citations 

[1] Akhlaghi, H., Roohi, E., & Stefanov, S. A (2023). Comprehensive review on micro- and nano-

scale gas flow effects: Slip-jump phenomena, Knudsen paradox, thermally-driven flows, and 

Knudsen pumps. Phys. Rep., 997, 1–60.  

[2] Wang, X., Su, T., Zhang, W., & Zhang, S. (2020). Knudsen pumps: A review. Microsyst. 

Nanoeng., 26, 2–28. 

[3] Cortes, J., Stanczak, C., Azadi, M., Narula, M., Nicaise, S. M., Hu, H., Bargatin, I. (2020). 

Photophoretic Levitation of Macroscopic Nanocardboard Plates, Adv. Mater., 32, 1906878. 

[4] Schafer, B. C., Kim, J.-h., Sharipov, F., Hwang, G.-S., Vlassak. J. J., & Keith, D. W. (2025). 

Photophoretic flight of perforated structures in near-space conditions. Nature, 644, 362–369. 

[5] Kelling, T., & Wurm, G. (2009). Self-Sustained Levitation of Dust Aggregate Ensembles by 

Temperature-Gradient-Induced Overpressures. Phys. Rev. Lett., 103, 215502. 

[6] Yonemura, S., & Kawagoe, Y. (2018). A Study on a Force Exerted on Microscale Object due to a 

Non-Uniform Temperature Field, 31st International Symposium on Rarefied Gas Dynamics. 

177



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

NEGF26-679355

SHOCK THICKNESS ANALYSIS IN MULTI-TEMPERATURE
NAVIER-STOKES EQUATIONS FOR BINARY INERT MIXTURES

Marzia Bisi1, Maria Groppi1, Anna Macaluso1, Giorgio Martalò*2
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ABSTRACT

The shock wave structure is a widely investigated topic in the literature, especially among researchers
working on hyperbolic systems of conservation and balance laws. In recent years, their attention has been
focused on the emergence, of discontinuities (subshocks) that compromise the physical admissibility of
the solutions. In particular, for multi-velocity and multi-temperature mixtures, it has been observed that
fields profiles may exhibit several discontinuities, and that the critical Mach number at which the physi-
cal meaning of the solution is lost depends on the masses and concentrations of the components.
In this presentation, we instead consider the shock wave structure for Navier–Stokes descriptions, which,
unlike hyperbolic systems, provide smooth solutions for any value of the Mach number. Our focus will be
on the analysis of the shock thickness, which gives a measure of the transition region where the solution
rapidly passes from an equilibrium state to another. This parameter, which quantifies the strength of the
shock, depends on the Mach number and is expected to exhibit a monotonic behavior as the Mach num-
ber increases. However, as known since the ’50s [1], in the case of a single gas, the thickness decreases
up to a certain Mach number, after which it unexpectedly begins to increase again; it is also shown that
the choice of the intermolecular potential affects the critical value. Such result has been extended to inert
binary mixtures whose evolution is modeled by single-velocity and single-temperature descriptions [2].
Now, our main aim is to discuss this issue for multi-velocity and multi-temperature Navier-Stokes equa-
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tions for species mass densities ns, mean velocities us and temperatures Ts

∂ns
∂t

+∇x · (nsus) = 0 (1)

∂

∂t
(ρsus) +∇x · (ρsus ⊗ us + nsTsI) +∇x · P(1)

s = Rsr (2)

∂

∂t

(
1

2
ρsu

2
s +

3

2
nsTs

)
+∇x ·

[(
1

2
ρsu

2
s +

5

2
nsTs

)
us
]
+∇x ·

[
P(1)
s · us + q(1)

s

]
= Ssr , (3)

s = 1, 2, r ̸= s, obtained as hydrodynamic limit of recent BGK [3] and hybrid Boltzmann-BGK [4]
kinetic formulations. We point out that conservations of global momentum and energy can be recovered
by summing over the index s. Source terms at the right-hand side are given by

Rsr = λ[1]srαrsmsnsnr (ur − us) (4)

Ssr = λ[1]srαsrαrsnsnr [3(Tr − Ts) + (msus +mrur) · (ur − us)] , (5)

where λ[k]sr is a proper moment (of order k) of the inter-species cross section and αsr = ms/(ms +mr)
is the mass ratio; the 1st order corrections of species pressure tensor and heat flux are given explicitly as

P(1)
s = −µsΥs +

4

3nsλ
[2]
ss

N∑

r=1
r ̸=s

ν(0)sr ρsa
2
sr

[
(ur − us)⊗ (ur − us)−

1

3
|ur − us|2I

]
(6)

q(1)
s = −ξs∇xTs +

10

λ
[2]
ss

N∑

r=1
r ̸=s

αsrν
(0)
sr a

2
sr(Tr − Ts)(ur − us) +

+
2ms

3λ
[2]
ss

N∑

r=1
r ̸=s

ν(0)sr a
2
sr(5αrs − asr)|ur − us|2(ur − us), (7)

with
Υs,hk =

∂us,h
∂xk

+
∂us,k
∂xh

− 2

3
∇x · usδhk (8)

being the strain rate tensor, µs = 4Ts/(3λ
[2]
ss ) and ξs = 5Ts/(msλ

[2]
ss ) the viscosity and heat conductivity

coefficients, respectively.
The 1-D steady shock wave problem consists in finding the solution of the associated ODEs system, with
limiting conditions at ±∞ of equilibrium, characterized by the equalization of species velocities and
temperatures, and vanishing viscous stress and heat flux; the shock thickness can be measured as

∆ =
u− − u+

max |du/dx| , (9)

where u is the one-dimensional mixture velocity and u± its limiting values at ±∞.
We present a detailed analysis of the shock thickness problem for different inert mixtures of noble gases,
and diverse concentrations of the two components at the equilibrium. The investigation extends the
results obtained for the single-gas case, confirming the non-monotonic behavior of the shock thickness
for increasing Mach number, also for a simplified single-velocity and multi-temperature model (see Fig-
ure 1). In addition, it is shown that the critical value of the Mach number at which the shock thickness
profile reaches its minimum is not unique, but depends on the mass ratio and on the constituents’ con-
centrations at the equilibrium, as shown for example in Table 1 for a single-velocity description.
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Some slight discrepancies emerge between the single- and the multi-velocity formulations [5], particu-
larly when small mass ratios are considered, i.e. when mixtures components have very disparate masses.
In the model which accounts for all species fields, the transition proceeds more gradually and appears less
steeply; moreover, temperature overshoot effects are reduced or entirely absent, suggesting that describ-
ing different species to evolve with distinct velocities smooths the equilibration process. The minimum
of the shock thickness in the multi-velocity model occurs at slightly higher critical Mach numbers, espe-
cially for small mass ratios (see Figure 2). This behavior is expected, since mixtures containing both light
and heavy species display distinctive features that can only be captured with an accurate description.
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Figure 1: Shock thickness ∆ versus Mach number for a mixture of Helium (75%) and Argon (25%) and
different models of viscosity.

Mixture m1/m2 χ±
1 χ±

2 LSA Realistic Maxwell
Helium - Xenon 0.03 0.25 0.75 3.55 3.05 3.65

0.75 0.25 3.1 2.3 2.7
Helium - Argon 0.1 0.25 0.75 3.9 4.9 3.15

0.75 0.25 3.1 3.65 2.9
Krypton - Xenon 0.64 0.25 0.75 3.28 3.55 3.38

0.75 0.25 3.49 3.73 3.1

Table 1: Critical Mach number for mixtures of Helium and Xenon, Helium and Argon, and Krypton and
Xenon at different concentrations for three types of interaction potential.
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Xenon (top line) and Helium and Argon (bottom line) at different concentrations in both single-velocity
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ABSTRACT

Shock waves in rarefied and non-equilibrium gas flow regimes exhibit complex multi-scale structures
that cannot be accurately described by classical continuum models such as the Navier–Stokes–Fourier
(NSF) equations [1]. In the transition regime, characterized by moderate to high Knudsen numbers,
strong thermodynamic non-equilibrium leads to anisotropic stresses, non-Fourier heat flux, and higher-
order transport effects within the shock layer. Capturing these phenomena requires modeling frameworks
derived from kinetic theory. In this work, shock wave dynamics are investigated using Grad-type moment
systems to provide improved physical insight and predictive capability for non-equilibrium gas flows [2].
Extended moment equations, including Grad’s 13-moment system and higher-order variants, are employed
to resolve rarefied shock structures. These models retain higher-order tensorial moments representing
stress, heat flux, and non-equilibrium energy transport, enabling a more accurate description of shock-
layer physics than continuum models. To resolve steep gradients and nonlinear wave interactions, a high-
order Discontinuous Galerkin (DG) method is developed for the moment system. The DG framework
provides high-resolution shock capturing, geometric flexibility, and numerical robustness for solving
hyperbolic moment equations [3].
A series of numerical experiments is performed for one- and multi-dimensional shock problems across
a range of Mach and Knudsen numbers. The results are compared with DSMC simulations and contin-
uum solutions [4]. The Grad-based formulation demonstrates improved prediction of shock thickness,
temperature overshoot, stress relaxation, and nonlinear heat-flux behavior. In particular, the simulations
capture non-monotonic temperature profiles and higher-order moment oscillations that are not repre-
sented in NSF-based models [5]. Representative flow behavior predicted by the moment system is illus-
trated in Fig. 1, which shows Mach-number contours for supersonic flow over an aerospike blunt body
at Ma = 3 and α = 10◦ for two Knudsen numbers. The comparison between Kn = 0.0001 and
Kn = 0.01 demonstrates the influence of rarefaction on the bow-shock structure, shock thickness, and
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downstream expansion region, highlighting the growing importance of non-equilibrium transport effects
as the flow transitions from near-continuum to rarefied conditions.
These results highlight the capability of Grad-type moment systems, combined with high-order DG
discretization, to model transitional and rarefied shock flows efficiently. The study demonstrates that
moment-based approaches provide a computationally efficient alternative to particle methods while
retaining essential non-equilibrium physics. The findings contribute toward advancing hybrid kinetic–
continuum modeling strategies for applications in hypersonic aerothermodynamics, micro-scale gas trans-
port, and high-speed flow systems.

Kn = 0.0001 Kn = 0.01
Figure 1: Mach number contours for supersonic flow over an aerospike blunt body at Ma = 3 and
angle of attack α = 10◦, computed using a Grad-type moment system. Results are shown for two
Knudsen numbers, Kn = 0.0001 (near-continuum regime) and Kn = 0.01 (transition regime). The
comparison illustrates rarefaction-induced modifications of the bow-shock structure, shock thickness,
and downstream flow expansion in non-equilibrium gas flows.
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1. Introduction

During the atmospheric entry of a spacecraft at hypervelocity the gas in the shock layer goes through
high temperatures and through various thermochemical non-equilibrium states. For decades, the scien-
tific community has worked to better understand the behavior of excited species in non-equilibrium plas-
mas. In the widely used global chemical mechanism approaches – among them the well-known models
developed by Park [1, 2] – the modeling consists in considering the chemical species as a whole without
distinguishing their excited states. The population number density of their excited states is then estimated
either by assuming a Boltzmann distribution at an excitation temperature or by assuming the quasi-steady
state. For the past recent years, another methodology has been developed, [3]–[7], based on a complete
description of the flow field with considering every (or several) excited states of each particle as inde-
pendent species. This approach is very attractive because of its expected accuracy in giving a detailed
description of a plasma, but it is very challenging to implement in CFD codes.
In this framework, the present study is a contribution to the progressive work for computing a reactive and
non-equilibrium gas flow through the shock layer surrounding an axi-symmetric blunt body, with detailed
collisional-radiative models. The selected state-to-state model recently implemented in our in-house code
PINENS (Parallel Implicit Non-Equilibrium Navier-Stokes) [8] is a state-specific vibrational model, that
is a simplified version of CoRaM-N2, a collisional-radiative (CR) model developed for nitrogen [7]. This
model takes into account the species N2 and N, and is vibrationnally specific for the N2 molecules on
their ground electronic state. It allows to simulate the phase of ladder-climbing vibrational excitation and
the resulting dissociation of N2.
The first step in attempting to simulate the composition and the vibrational state of the gas around a
space body with the detailed chemical kinetics model was done for an entry velocity of a sphere at 10.6
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km/s. The results then obtained surprisingly showed that some of the processes had no visible effect
on the gas vibrational state, unless a close-up view of the results was done. Because of that, it was
decided to perform the simulations at a lower entry speed of 8 km/s to assess the potential effect of these
processes at lower temperatures in the shock layer. Again, the results showed that some of the processes
had negligible effect on the gas composition and vibrational state. This is why, before concluding that
some of these processes are inefficient in a shock layer, one wants to test once more the vibrational-state
specific model for nitrogen, for the entry of the sphere at other entry speeds, one at 6.19 km/s and the
other one at 11.25 km/s. The present work shows the results for an atmospheric entry at 6.19 km/s.

2. Vibrational-state specific model, mathematical formulation, and entry conditions

The vibrationally specific model subject of the present work takes into account heavy, neutral particles.
It considers each of the 68 vibrational states of N2 (0 ≤ v ≤ vmax = 67) on the ground electronic state –
pointed out by Armenise et al. – as well as the ground electronic state of N. The terms “species-states”
or “pseudo-species” refer to the chemical species N and N2(v) on its excited states v. In comparison, the
global modeling for such a gas mixture would only include the molecule N2 and the atom N.
According to the CoRaM-N2 model that is used as the basis to derive the present vibrational-state spe-
cific model, the vibrational excitation of molecules N2 takes place through vibration–translation pro-
cesses under molecular impact (VT-m processes), through vibration–vibration processes under molec-
ular impact (VV-m processes), or through vibration–translation processes under atomic impact (VT-a
processes). It results 6817 forward collisional elementary processes. The data used for the rate coeffi-
cients for these processes were calculated by Armenise et al.and Esposito et al. The backward collisional
elementary processes are calculated from the forward rate coefficient and the corresponding equilibrium
constant using the detailed balance principle. In comparison, the usual global modeling for the chemical
reactions between N2 and N includes 2 reactions of dissociation of N2.
The equations to be solved are the usual Navier-Stokes equations, except that a mass conservation equa-
tion is written for each vibrational level of N2(v) instead of one conservation equation of mass for N2. As
for the equation of vibrational energy of N2 usually used in the global models (Landau-Teller, Millikan-
White), it is no longer needed in the detailed model. Each species s on its excited state v – named
“pseudo-species” and noted sv – has a mass density ρsv and the total mass density of the gas mixture is
ρ =

∑nsv
sv=1 ρsv. For an axi-symmetric flow, one then has to solve 72 equations: 69 conservation equa-

tions for the “species-state” N and N2(v), two equations for the conservation of the momentum, and
one equation for the conservation of the total energy. The set of conservative equations is closed with
an adequate equation of state. In comparison, the global model relies on the same equations, except that
they refer to the species s (N2 and N in their entirety), instead of the ”species-states” sv. In that case,
there are only 6 conservation equations to solve.

3. Results

For an atmosphere initially composed of 100% of N2 on v=0 vibrational level and according to the
considered vibrational state-to-state model, the molecules N2 on their zero-vibrational level collide, get
excited, and – depending on the type of collisions – get dissociated across the shock wave. These col-
lisional processes lead to a gas mixture composed of the two species N2 and N, N2 being on various
vibrational levels depending on the excitation processes considered. The vibrational-state specific model
– split into several groups of reactions – is implemented in PINENS code step-by-step in order to show
the specific effect of each process group on the population densities of the 68 vibrational levels of N2

and of the atomic species N, throughout the shock layer. The results presented hereafter correspond to an
entry of the sphere at V∞ = 6.19 km/s.
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3.1 VT-m (67 processes).

The first step consists in taking into account the VT exchanges by molecular impact (VT-m). The results
then obtained are shown in Fig. 1. Interestingly, the temperature profile along the stagnation line is similar
to that obtained when no chemical reactions are taken into account in the gas flow: the temperature is
maximum in the entire shock layer, with a maximum of 19,000 K reached near the stagnation area of the
flow, just in front of the boundary layer. This means that the VT-m processes do not take much thermal
energy from the gas.
In this figure, one can also follow the evolutions of the mass fractions of each vibrational level of N2

(from v = 0 to 67) along the stagnation line throughout the shock layer, down to the boundary layer. The
population density of N2(v=0) decreases across the shock wave to the profit of the excited states v=1 to
67, noting that the vibrational levels are more widely spread at the lower entry speed of 6.19 km/s than
higher entry velocities [9].

Figure 1: Temperature and mass fractions of
N2(v=0,67) along the stagnation line,
obtained with 67 processes (VT-m).
V∞=6.19 km/s.

Figure 2: Temperature and mass fractions of
N2(v=0,67) along the stagnation line.
Comparison between 67 processes (VT-m)
and 4556 processes (VT-m + VV-m).
Close-up view near the boundary layer.
V∞=6.19 km/s.

3.2 VT-m + VV-m (4556 processes).

The addition of the processes modeling the vibration–vibration exchanges by molecular impact (VV-m)
does not show any visible difference on the population densities when compared to those obtained with
the (VT-m) processes only, unless a very close-up view of the population curves is done near the boundary
layer (Fig. 2). This observation is similar to that made with V∞ = 10.6 km/s [9] and V∞ = 8 km/s. The
reason to that little effect of the VV-m processes is not fully understood, but a preliminary explanation
may lie in the slow VV rates compared to the transit time in the shock layer. Because of the little effect of
the VV-m processes and because these processes are numerous – which make the computations very long
–, we decided to no longer take into account the VV-m processes in the remaining of the simulations.
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3.3 VT-m + VT-m-D (68 processes).

The introduction of the VT-m-D process makes a major change in the temperature and densities profiles
of the vibrational levels of N2(v) throughout the shock layer and specifically along the stagnation line
(Fig. 3 compared to Fig. 1). Adding this single process of dissociation tends to reduce the shock layer
width from approximately 13 cm to 10.5 cm, and changes the temperature profile across the shock layer:
the temperature is no longer maximum at 19,000 K throughout the shock layer (Fig. 1) but peaks at
18,000 K in the shock wave then decreases slightly to 10,000 K (Fig. 3). This means that the single (VT-
m-D) processe absorbs a large amount of thermal energy, and that it is a very efficient process among
the many reactions of the vibrational-state specific model implemented in the CFD code. This new tem-
perature profile is similar to the those usually observed when chemical reactions are taken into account
in global models, and is typical of shock layer where dissociation processes take place. Regarding the
species profiles within the shock layer, N is now in equivalent quantity with N2(v=0). Most of the vibra-
tional levels of N2 are less populated, especially the highest levels – because of the dissociation of N2

from the highest vibrational levels – to the profit of N.
Moreover, it has to be noted that the addition of the 67 VV-m-D processes to the 68 processes (VT-
m + VT-m-D) do not make visible changes on the population densities nor on the temperature profile
throughout the shock layer (figures not shown). It is as if the VT-m-D process already did the major work
of dissociation, not allowing the VV-m-D processes do their part of the dissociation. However, when
the sole processes VV-m-D are added to the VT-m processes (without adding the VT-m-D process), the
67 VV-m-D processes do the same job of dissociation as the single VT-m-D process would have done.
Therefore, the 67 processes VV-m-D are no longer included in the remaining of the simulations.

Figure 3: Temperature and mass fractions of N
and N2(v=0,67) along the stagnation line,
obtained with 68 processes (VT-m + VT-
m-D). V∞=6.19 km/s.

Figure 4: Temperature and mass fractions of N
and N2(v=0,67) along the stagnation line,
obtained with 2193 processes (VT-m + VT-
m-D + VT-a). V∞=6.19 km/s.

3.4 VT-m + VT-m-D + VT-a (2193 processes).

Adding the 2125 VT-a processes (Vibration-Translation exchanges by atomic impact) has a noticeable
effect on the flow fields (Fig. 4 compared to Fig. 3). The shock layer width decreases from 10.5 cm
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to 8.5 cm, but the temperature peak decreases very little from 18,000 to 17,700 K. Interestingly, the
high vibrational levels are more populated right behind the shock wave than they were without the VT-a
processes, then most of the vibrational levels get depopulated faster in the shock layer when the VT-a
processes are included (Fig. 4) than when they are not (Fig. 3).

3.5 VT-m + VT-m-D + VT-a + VT-a-D (2261 processes).

Figure 5: Temperature and mass fractions of N
and N2(v=0,67) along the stagnation line,
obtained with 2261 processes (VT-m + VT-
m-D + VT-a + VT-a-D). V∞=6.19 km/s.

Figure 6: Temperature and mass fractions of N
and N2(v=0,67) along the stagnation line.
Comparison between 2261 processes (VT-
m + VT-m-D + VT-a + VT-a-D) and
2193 processes (VT-m + VT-m-D + VT-a).
V∞=6.19 km/s.

The addition of the 68 processes VT-a-D (VT processes by atomic impact leading to dissociation) makes
the shock layer width decreases from 8.5 cm to 6 cm approximately and the temperature peak decreases
from 17,700 to 12,500 K. As for the species densities, the various vibrational levels are strongly popu-
lated through the shock wave, then depopulate slightly right behind the shock wave. Interestingly, for this
entry velocity, the vibrational levels remain populated and the nitrogen molecules do not dissociate com-
pletely – the mass fraction of N is far from being equal to unity as it can be for higher entry velocities–,
likely because the temperature in the shock layer is not as high as in cases of higher entry velocities. A
comparison of the results obtained with and without the VT-a-D processes is presented in Fig. 6, where
only a few vibrational level population densities are displayed for clarity reasons.

3.6 Boltzmann diagrams

The Boltzmann diagrams that draw the densities of N2(v) versus the energy of the vibrational levels
expressed in eV are plotted at different positions along the stagnation line across the shock wave (posi-
tions 1 to 12 in Figs. 7 and 9) and across the boundary layer (positions A to L in Fig 8 and 10). The
Boltzmann distribution is reached when the curves representing the level populations (or mass fractions)
– expressed in logarithmic scale – versus the energies of the levels – expressed in linear scale – are linear.
Results in Figs. 7 and 8 correspond to simulations done with the 68 processes VT-m + VT-m-D, while
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Figure 7: Boltzmann diagram at various positions
across the shock wave, obtained with 68
processes (VT-m + VT-m-D). V∞=6.19
km/s.

Figure 8: Boltzmann diagram at various positions
across the boundary layer, obtained with
68 processes (VT-m + VT-m-D). V∞=6.19
km/s.

Figure 9: Boltzmann diagram at various positions
across the shock wave, obtained with 2261
processes (VT-m + VT-m-D + VT-a + VT-
a-D). V∞=6.19 km/s.

Figure 10: Boltzmann diagram at various positions
across the boundary layer, obtained with
2261 processes (VT-m + VT-m-D + VT-a
+ VT-a-D). V∞=6.19 km/s.

those in Figs. 9 and 10 correspond to simulations done with all the efficient processes (VT-m + VT-m-D
+ VT-a + VT-a-D).
In Figs. 7 and 8 – case (VT-m + VT-m-D) – the Boltzmann diagrams show that the Boltzmann distribution
is not reached, as none of the curves are linear. On the other hand, for the case (VT-m + VT-m-D + VT-a
+ VT-a-D), the Boltzmann distribution is reached for the curves 07 to 12 (Fig. 9) that correspond to a few
mm behind the shock front. The Boltzmann distribution is also reached outside of the boundary layer,
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for the curves H to A, H corresponding to the distance of 2 mm from the stagnation point.
More results will be presented and analyzed in the oral presentation and in the paper.

4. Preliminary Conclusions

A vibrational-state specific model issued from the collisional radiative model CoRaM-N2 implemented
in the PINENS code was used for simulating the non-equilibrium flow past a sphere entering a Nitrogen
atmosphere at 6.19 km/s. Vibrational-state population densities and temperature in the shock layer sur-
rounding the sphere and particularly along the stagnation line were presented and analysed. The main
conclusion is that the vibration-vibration exchanges through molecular impact, leading or not to disso-
ciation, have very little effect on the population densities. On the other hand, clear evidence was shown
of the progressive effect of the vibration-translation exchanges through molecular and atomic impacts.
The study also showed that the Boltzmann distribution is obtained only in specific positions in the shock
layer. Obtaining such results in reasonable computational time showed that it is possible to predict the
vibrational level population distributions throughout an axi-symmetric shock layer with a detailed kinet-
ics model.
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ABSTRACT 

Hydrogen ion sources are extensively used in particle accelerators worldwide for a range of applications, 

such as high-energy particle physics at CERN and in spallation neutron source facilities like the ISIS 

Neutron and Muon Source. A typical problem encountered in the low energy beam transport (LEBT) 

region of such particle accelerators is beam divergence and transport losses due to space charge effects. 

Space Charge Compensation (SCC) is a process that helps to minimise transport losses by lowering the 

space charge of the ion beam. In the SCC process of a negative hydrogen ion beam, the 𝐻− beam ionises 

the background gas, trapping positive ions within the negative beam forming a low-density “beam-

plasma” [1]. A joint experiment-simulation campaign is currently underway to study the space charge 

compensation process to support ISIS operations and upgrades to the facility in the ion source regions. 

The authors recently studied the effect of magnetic field on the SCC process of a 𝐻− ion beam [2]. The 

focus of the present study is to investigate the SCC process of both positive and negative hydrogen ion 

beams under various operating conditions using the Particle-in-Cell (PIC) method.  

 

The Particle-in-Cell technique is a high-fidelity tool to study the kinetic properties of plasmas from first 

principles and is well-suited for coupling electromagnetic fields with the transport and collision of 

neutral and charged particles. The PIC simulations to study the SCC process have been carried out using 

the well-established, open-source code, PICLas [3]. PICLas enables high-fidelity, large-scale three-

dimensional simulations using high-performance computing (HPC) and is well suited for a wide range 

of applications involving plasma simulations and non-equilibrium rarefied gas flows. To enable the 

current work, PICLas has been customised with the multi-reaction and cross-section-based chemistry 

framework to handle the chemical reactions associated with the SCC process of negative hydrogen ion 

beams [2]. 

A three-dimensional electrostatic PIC model has been considered here for investigating the space 

charge compensation of negative hydrogen ion beams. An example of a three-dimensional 

computational grid representation of a LEBT region is shown in Fig. 1. To enable a 𝐻− beam passing 

centrally through this domain, beam particles are emitted from the entrance of the domain at a uniform 
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density corresponding to the beam properties (typically 65 keV, 30 mA with a beam radius of 2.5 cm). 

Open Neumann boundary conditions have been considered at the beam entrance and exit, while all other 

boundaries are grounded. 

 

 
Figure 1: 3D computational grid employed for the simulations. 

 

The 𝐻− beam interacts with a background hydrogen gas at a constant background gas pressure. Typical 

operating pressures in the LEBT region are of the order of 10-5 mbar, implying highly rarefied non-

equilibrium conditions. Interactions of the beam with the 𝐻2 gas is modelled using the Monte Carlo 

Collision (MCC) model. To study the effect of a magnetic LEBT, a uniform background magnetic field 

(B=0.35T) along the direction of beam propagation is considered. A multi-reaction framework is 

considered (Eqs. (1-3)) with cross-section-based chemistry models, which produces secondary 

electrons, compensating 𝐻2
+ particles, and neutral H particles. To ensure accuracy, the smallest cell 

sizes considered for the simulation are a fraction of the Debye length and the time step considered is 

much smaller than the inverse of the plasma frequency, typically of the order of 10−10 s. 

 

 𝐻− +𝐻2 → 𝐻− +𝐻2
+ + 𝑒− (1) 

 𝐻− + 𝐻2 → 𝐻 +𝐻2 + 𝑒
− (2) 

 𝑒− + 𝐻2 → 𝐻2
+ + 2𝑒− (3) 

 

The three-dimensional particle distribution of all species at steady state for a compensated beam due to 

the interaction of the beam with a background 𝐻2 gas and the presence of a uniform magnetic field is 

shown in Fig. 2. The compensating positive ions are effectively bound to the magnetic field lines, which 

helps in their confinement within the beam. Illustrative simulation results showing 𝐻− beam number 

density of an uncompensated beam due to space charge effects and corresponding results for a 

compensated beam due to the interaction with a background gas and the production of compensating 

positive ions is shown in Fig. 3. Future work will compare the SCC process of a negative hydrogen ion 

beam with a positive hydrogen ion beam for a wide range of operating conditions. 

 

 
Figure 2: 𝐻2+ Particle accumulation at steady state within the beam. Species colour: 1=𝐻−, 3=electron, 4=𝐻2

+, 

5=H.  
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Figure 3: 𝐻− beam number density of an uncompensated beam (top) and for a compensated beam (bottom).  
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ABSTRACT 

The control of neutral particle dynamics in the edge and divertor regions is one of the critical challenges 

in the operation of magnetic confinement fusion devices, including tokamaks and stellarators. In these 

regions, where plasma interacts with material boundaries, the gas density can drop by several orders of 

magnitude relative to the core plasma. Under such conditions, the mean free path of neutral particles 

becomes comparable to or even larger than characteristic geometrical dimensions such as the divertor 

pumping port width. This transition from continuum to non-continuum behavior defines the regime of 

rarefied gas flows, which plays a fundamental role in determining particle recycling, neutral exhaust, 

impurity transport, and overall plasma confinement performance. 

 

In fusion devices the complexity of rarefied flow phenomena is particularly pronounced. ITER’s divertor 

must handle exhaust power exceeding 10 MW/m2, while maintaining sufficient neutral pumping 

efficiency to remove helium ash and tritium. The narrow geometry of its pumping ducts, combined with 

the high degree of vacuum required, creates flow conditions that are strongly rarefied, with Knudsen 

numbers spanning the transitional to free-molecular regimes. Similarly, Wendelstein 7-X, with its fully 

three-dimensional magnetic configuration and modular divertor design, exhibits non-uniform neutral 

pressure and particle recycling patterns that can only be accurately captured through kinetic or hybrid 

modeling approaches. These features make rarefied flow modeling indispensable to predicting the 

behavior of neutral atoms and molecules that escape the confined plasma and interact with plasma-facing 

components. 

 

Traditional fluid models, based on continuum assumptions, cannot capture the essential characteristics 

of these flows, as the molecular collisions are insufficient to maintain local thermodynamic equilibrium. 

Consequently, the Boltzmann transport equation must be solved or approximated through numerical 

schemes. In the context of fusion research, one of the most widely used approaches is the Direct 

Simulation Monte Carlo (DSMC) method [1], which statistically samples particle trajectories and 
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collisions to approximate the solution of the Boltzmann equation under rarefied conditions. DSMC 

simulations can resolve local variations in density, temperature, and velocity distributions that are 

inaccessible to macroscopic fluid descriptions. This method has been successfully applied to model 

neutral gas behavior in various tokamak and stellarator devices and pumping systems, providing insight 

into molecular backflow, pressure distribution, and the efficiency of cryogenic pumping schemes. 

 

A central component of integrated modeling in fusion edge physics is the coupling of plasma fluid 

solvers with neutral kinetic codes. The SOLPS-ITER for tokamak devices [2] as well as EMC3-EIRENE 

[3,4,5] packages represent a state-of-the-art example of this approach, where a multi-fluid magnetized 

plasma code is dynamically coupled with the EIRENE Monte Carlo solver [6] for neutrals. EIRENE is 

based on the classical BGK kinetic model and tracks the trajectories and collisions of neutral atoms and 

molecules, including charge-exchange and ionization events, while B2.5 or EMC3 respectively compute 

the plasma background fields. This coupling enables a self-consistent description of plasma–neutral 

interactions, incorporating both continuum and rarefied flow regimes within the same computational 

framework. 

 

When EIRENE code is applied with a velocity-independent collision frequency, the classical BGK 

model fails to accurately determine the transport coefficients’ ratio, specifically the ratio of thermal 

conductivity to viscosity. As a result, employing the classical BGK kinetic model yields a Prandtl 

number of unity for a monoatomic gas, rather than the expected 2/3. Consequently, the classical BGK 

kinetic model is typically applied only for isothermal and pressure-driven flows. This limitation of the 

EIRENE highlights the necessity for alternative numerical methods that can more precisely describe 

non-isothermal conditions, as anticipated in the exhaust system of a fusion reactor.  

 

An alternative to EIRENE is the DIVertor GAs Simulator (DIVGAS) [7,8], which offers a powerful and 

reliable framework for optimizing and evaluating the particle exhaust in fusion reactors. The DIVGAS 

framework features two powerful solvers, a deterministic and a stochastic one, which require a plasma 

background as boundary conditions. The stochastic module is based on the DSMC method, while the 

deterministic module on the Discrete Velocity Method (DVM) [9]. Both methods accurately capture 

neutral gas behavior across the entire range of collisionality, establishing DIVGAS as the leading tool 

for plasma exhaust research. Within the European Fusion program, DIVGAS has been validated based 

on experimental results from JET [8] and W7-X [10,11] and has been employed in modelling the particle 

exhaust of JT60-SA [12] and DEMO [13,14] fusion devices. 

 

Beyond the core plasma–neutral coupling, rarefied flows play a key role in determining tritium retention 

and material erosion. Under transitional flow conditions, the rate of particle re-deposition and molecular 

desorption from divertor surfaces depends sensitively on the local accommodation coefficients and 

surface temperature. These effects influence the lifetime of plasma-facing components and the overall 

tritium inventory, a major safety and regulatory concern for next-generation reactors. Understanding 

these interactions requires a comprehensive combination of kinetic simulations, experimental 

diagnostics, and material surface studies. 

 

Within this context, as highlight of this paper is the numerical study on the neutral transport of fuel gas 

(H₂) along with seeding impurities (Ar, Ne) and helium in the W7-X sub-divertor is presented. This is 

accomplished using the DSMC solver within the DIVGAS workflow. Figure 1 shows the evolution of 

the helium partial pressure in the sub-divertor as a function of the incoming helium concentration at the 

inlet pumping gap. The results indicate a non-linear dependence of the sub-divertor helium partial 

pressure on the inlet helium concentration, whereas the molecular hydrogen pressure remains nearly 

independent of it. In addition, the comparison with experimental measurements shows reasonable 

agreement. The simulations aim to estimate key macroscopic parameters, such as partial pressure, 

temperature, and molar fraction for each gas species. The results provide valuable insights into neutral 

impurity transport in the W7-X sub-divertor and its implications for exhaust performance. These 
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findings offer practical guidelines for optimizing the current design along with the qualitative and 

quantitative agreement between numerical and experimental data [15, 16]. 

 
Figure 1: Evolution of helium partial pressure in the sub-divertor as a function of the incoming helium 

concentration at the inlet pumping gap. 

 

As fusion research advances toward reactor-scale devices capable of steady-state operation, the 

importance of rarefied gas dynamics will only increase. Future reactors such as SPARC, ITER and 

DEMO will demand even greater exhaust efficiency and tighter control of impurity sources, both of 

which depend on the detailed understanding of gas flow behavior in non-continuum regimes. The 

continued development of hybrid plasma–neutral modeling frameworks, improved algorithms with 

adaptive mesh refinement, and validated experimental diagnostics for rarefied regimes will be essential 

for meeting these challenges. 

 

In summary, the study of rarefied gas flows in tokamaks and stellarators reactors, forms a critical 

foundation for achieving effective exhaust, stable detachment, and safe tritium management in magnetic 

confinement fusion. Integrating rarefied flow physics into reactor design and operational strategies—

through advanced numerical simulations and targeted experiments—will play a decisive role in the 

realization of reliable, long-duration fusion power. 
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ABSTRACT

The conception of a micro-separator for aerosol particles based on the thermophoretic effect is proposed.
The first step in designing of such a micro-device is the development of a mathematical model. A three-
dimensional model of a mini-channel (millimetric size) is proposed, and several key parameters are
tested, including the length and width of the mini-channel, the intensity of the temperature gradient, and
the velocity of the carrier gas. The next steps will be the fabrication of a mini-prototype followed by
experimental testing of its efficiency. Ultimately, the final micro-device will be manufactured and tested.

Introduction

Aerosols are defined as suspensions of solid particles or liquid droplets in a gas. They originate from
both natural and anthropogenic sources and can be harmful to the environment and to human health.
Separating particulate matter using a microfluidic device for concentration measurements and analysis is
therefore of primary importance for both indoor and outdoor applications. Aerosol particle sizes range
from the nanometric to the micrometric scale. Aerosols with diameters smaller than 2.5 µm (PM2.5) can
reach deep into the lungs, causing oxidative stress and respiratory diseases.
This work aims to develop a microfluidic thermophoretic separator for aerosol particles in the 0.01-2.5
µm range. The thermophoretic separation principle [1] is especially attractive because particle trajecto-
ries can be deflected simply by locally heating the surrounding gas - without moving parts. A microfluidic
separator can be a strong asset for measuring global and local aerosol concentrations. It is cost-effective
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and can be deployed in large numbers at strategic locations. This will facilitate the creation of health-
and environmental-related databases. A microscale device also reduces the required particle quantity
and measurement time. The microfluidic device will be capable of separating different types of aerosols
based on particle size, mass density and thermal conductivity. To our knowledge, most efforts toward
developing lab-on-a-chip thermophoretic particle separator have focused on liquid flows [2], [3]. Very
few attempts have been made to downscale gas flow separator to the millimetric or micrometric range.
The only related work was carried out at the University of California, Berkeley, where a microfluidic
air sensor for airborne particles (25mm x 21 mm x 2 mm footprint) was developed. The thermophoretic
principle was used to deposit particles onto the surface of a mass-sensitive film bulk acoustic resonator,
while the main particle separation relied on a virtual impactor [4, 5].
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thermophoretic separator. The device will be able to separate different types of aerosols according to 
size, density and thermal conductivity of the particles.  

The thermophoretic effect is created by applying a temperature gradient around small particles (< 
10µm) suspended in gas [4]. The gas molecules that come from the hot region have higher momentum 
than the ones coming from the cold region, and thus, through 
gas/particle interaction, the momentum unbalance generates a 
thermophoretic force opposite to the temperature gradient 
direction (Fig 1). The deflected trajectory of the particle depends 
on the temperature gradient imposed in the gas flow and on the 
size, density and thermal conductivity of the particle. One can thus 
separate aerosol particles from the main gas stream and collect 
them in an optimized manner for sensing or analyzing purposes. 
Natural aerosol particles smaller than 10 µm can be collected by 
means of this principle. A thermophoretic separator is:  i) Robust, 
since the device does not need moving parts to operate and ii) Energy saving, since the thermophoretic 
force can be achieved by creating a local temperature gradient in the gas surrounding the particle; the 
heating of the device can thus be realized through energy harvesting techniques (e.g. from the heat 
losses of diesel engines). The energy consumption optimization of the device will be progressively 
considered as it will be directly dependent on the design of the device.  

The main scientific and technological advancements expected of this work in respect to the current 
state of the art will be to: i) experimentally quantify the trajectory deflection of the particles induced 
by relatively small temperature gradients in the case of micro gas flows. Very little data has been 
gathered so far for confined two-phase gas/solid particle flows at the millimetric or micrometric scale. 
ii) Compare the experimental results to numerical models developed with multiscale approaches. iii) 
Design and fabricate a novel micro thermophoretic separator prototype by means of an innovative 
conception, including low thermal inertia temperature microsensors that doubles as low-power, highly 
efficient micro-heating sources, and wafer-scale, photolithography-based dry-film lamination process 
to obtain microfluidic features. The design guidelines of the separator will be conceived on the basis 
of the experimental and numerical results generated by AERATOR. Several kinds of particles with 
different dimensions, density and thermal conductivity will be tested for dry air conditions at 
atmospheric pressure. 

The fluid dynamics experimental research will be performed in the Clement Ader Institute (ICA), 
Toulouse, in reason of its high expertise in microfluidic devices design and development for gas flows 
applications, and more specifically for temperature gradient induced flows [5,6], and for inertial 
focalization of solid particles immersed in liquid flows [7,8]. The numerical modeling of the heat 
transfer and fluid dynamics around the aerosols, as well as the gas-solid interaction, and the 
thermophoretic device optimization will be carried out by the University Institute of Industrial Thermal 
Systems (IUSTI), Aix-Marseille University [9]. The microfabrication, on-chip sensors implementation 
and thermal management integration activities will be performed at the Laboratory for Analysis and 
Architecture of Systems (LAAS), Toulouse [10,11]. 

 
b. Position of the project as it relates to the state of the art 

Thermophoresis is a mechanism of particle transport in a gas flow induced by a temperature field 
in the surrounding medium. It is a phenomenon that can be found in nature, such as the transport of 
aerosols in the atmosphere, and in industrial applications such as contamination control in 
semiconductors manufacturing [12] or particle deposition to form thin films [13] and soot particle 
collection for combustion applications [14]. Because of its practical importance, thermophoresis has 
been a subject of intense study over the years but, due to its complexity, there are still many efforts 
to be done towards a better understanding of the physics of the process.  

Figure 1: Thermophoretic effect on a particle

Numerical modelling

The entire mini-separator device, including the heated/cooled solid blocks, entrance section, the mini-
channel and the exit section for separated particles, is modeled.
Three dimensional simulations of the carrier gas flow with aerosol particles inside a mini-channel are
performed. Various geometrical configurations and dimensions are tested to determine the optimal design
- a channel with a square cross-section of 1mm2 and a length of 4mm. The channel walls are maintained
at two different temperatures, Thot and Tref, (room temperature), thus creating the desired temperature
gradient. The simulations are carried out using the commercial software Star-CCM+.
The flow is modeled with the unsteady Navier-Stokes equations, solved implicitly for stability reasons.
The gas density is computed using the ideal gas law, relating it to the temperature and pressure. The heat
conduction equation is solved in the solid parts coupled with the conjugate heat transfer with the gas
phase.
The motion of aerosol particles in the air flow, injected uniformly at the device inlet, is simulated using a
Lagrangian approach. In the low-concentration conditions considered here, the particle-particle interac-
tions and the gas displacement due to particles are negligible. The thermophoretic and drag forces acting
on the particles are taken computed using a user-defined function implementing the most widely used
expressions in the literature [6], [7]. Gravity, oriented along the main flow direction, is also included, as
it may impact particles trajectoires when residence times of the particles are sufficiently long.

Results and discussion

The temperature gradient normal to the flow direction induces a thermophoretic force that deflects aerosol
particles towards the cold side, resulting in particles separation, see Fig. 1. Simulations of the gas flow
with particles of different sizes show that particle diameter has the strongest influence on deviation, with
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maximum displacement observed for particles with a radius of approximately 1 µm under the present
conditions.
However, to improve separation efficiency, the initial particle position must also be controlled. This is
accomplished by focusing the particles in the center of the channel starting from the inlet section. A new
entrance section is therefore added, equipped with two side channels delivering additional carrier gas
flow to concentrate the particle stream at the centerline (see Fig. 2). A series of tests is considered to find
the optimal mass flow rate in focalisation channels to ensure centered particle entry into the mini-channel.
After the focalization section, the second part of the channel applies the thermal gradient, which induces
thermophoretic deviation. Different hot wall temperatures are tested to analyse the influence of the tem-
perature gradient intensity on particle displacement. The exit section, containing two outlet channels, is
positioned such that the most largely displaced particles reach the cold wall. This position depends on
the gas mass flow rate, the temperature gradient, and the particle size. To enhance sorting performance,
a slight pressure difference is applied between the two outlets. Our results show that particles between 1
µm to 10 µm are effectively separated, see top left of Fig. 2.

Conclusion

The first step in the development of the thermophoretic aerosol particle micro-separator has been carried
out. The optimal dimensions of the mini-channel have been identified, and key flow parameters, such as
the applied temperature gradient and carrier gas velocity, have been optimized. The next steps involve
the fabrication of the prototype and testing its performance under laboratory conditions.

Figure 2: Mini-channel with focalisation part
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Sanjana Rao1, Krishnansh B Chandarana1, Shesh N Dhurandhar1, A Sameen1,2

1Department of Aerospace Engineering, Indian Institute of Technology Madras, Chennai 600036, India
ae23d006@smail.iitm.ac.in

2Geophysical Flows lab, Indian Institute of Technology Madras, Chennai 600036, India
sameen@smail.iitm.ac.in

KEY WORDS

Gas-Surface Interaction, Heat Transfer, Non-Continuum, DSMC

ABSTRACT

Rayleigh-Bénard convection (RBC) is a buoyancy-driven flow that arises in a fluid domain between a
heated and cooled region. It has been widely studied in heat transfer and finds applications in MEMS
devices, spacecraft reentry, etc. These applications cover both continuum as well as non-continuum
regimes. In the non-continuum regime, much of the research has focused on identifying the stability
boundaries (neutral curve) that separate the pure conductive heat transfer state from the onset of convec-
tion. The onset of convection is usually governed by the Rayleigh number (Ra). However, in the rarefied
regime, using the Chapman-Enskog approximation for low Knudsen numbers, it has been found that the
Rayleigh number is a function of the Knudsen number (Kn), the Froude number (Fr) and the temperature
ratio (r) [1, 2].

Ra =
512

75π

(1− r)

r

1

FrKn2
(1)

Here, r = Tc/Th is the temperature ratio, where Th and Tc are the temperatures of the hot and cold walls
respectively, Kn = λ/H , where λ is the mean free path and Fr = V 2/gH , where V is the velocity,
g is gravitational acceleration and H is the distance between the hot and cold walls. Thus, the stability
boundaries for a particular temperature ratio are determined on the Kn-Fr plane [2, 3, 4, 5]. While the
critical Rayleigh number Racr, which marks the transition from conductive to convective heat transfer
is 1708 for no-slip flows with isothermal boundaries, it has been found to increase to 1770±15 for slip
flows with diffuse boundaries. The instability region for each Kn is confined to a small range of Fr. It has
been shown from linear stability analysis as well as physical reasoning that rarefaction has a dampening
or stabilizing effect on convection [3]. Thus for a fixed temperature ratio, there is a maximum Knudsen
number beyond which instabilities do not lead to convection. For a constant heat flux boundary, which
provides a destabilizing effect, the Racr has been found to reduce to 720 [3]. Ben-Ami & Manela [3]
found that when implemented, the constant heat flux boundary condition has a wider instability region
that extends to higher Kn and lower Fr numbers.
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In the slip or transition flow regime, molecular interactions play an important role in defining heat
exchange and dynamics. Molecular behavior at surfaces is modeled using various GSI models, which
dictate how molecules reflect and exchange energy with surfaces. In this work, we investigate non-
continuum Rayleigh-Benard Convection using the Direct Simulation Monte Carlo (DSMC) method [6].
Specifically, we study the effect of isothermal and heat flux boundary conditions along with various Gas
Surface Interaction (GSI) kernels as listed in Table 1, the effect they have on the stability margins (neutral
curves) and heat transfer characteristics of the system.

Numerical Methodology

DSMC is a stochastic approach in which a large number of particles move and collide just as physical
molecules do. It obtains a solution to the Boltzmann equation. Here, a single particle can represent a
large number of molecules based on a particle weighting (f). DSMC decouples molecular motion and
collisions by using time steps smaller than the mean collision time. Molecules move first, then collisions
between nearby particles are probabilistically computed based on collision models from kinetic theory.

Molecular interactions at surfaces are represented using GSI models such as specular, fully diffuse, par-
tially diffuse (Maxwell model), and Cercignani–Lampis–Lord (CLL) [7], which define how molecules
reflect and exchange energy with the surface. The accommodation coefficient α representing the degree
of equilibration between the incident molecules and the wall is dependent on several factors such as gas
species, wall material, temperature of gas and wall, lattice arrangement of the wall, Kn, bulk gas velocity,
etc. Combinations of thermal boundary conditions and GSI are examined, as summarized in Table 1.

Thermal BC Gas–Surface Interaction (GSI) Kernels

Isothermal
Specular
α = 0

Fully Diffuse
α = 1

Partially Diffuse
α = 0.8

CLL1 (Rough Surface)
αT = 0.9, αn = 1

CLL2 (Clean Surface)
αT = 0.2, αn = 0.4

Const. Heat Flux

Table 1: Thermal boundary conditions and Gas-Surface Interaction (GSI) kernels along with their spe-
cific accommodation coefficients used at the hot and cold walls.

The constant heat-flux boundary condition is implemented, as given by Ben-Ami & Manela [3]. The
wall temperature is not known a priori. To impose a prescribed heat flux, mass and energy conservation
between incident and reflected molecules is enforced every timestep. Reflected velocities are adjusted
such that the net energy exchange matches the specified heat flux, allowing dynamic determination of
the wall temperature at each time step. The formulation for the determination of wall temperature for
fully diffuse GSI is shown in Equation 2

T =
1

2R

{
H∗

in + q∗w
M∗

in
−
u∗2g,in
8

}

(ti,xj)

. (2)

Here, M∗
in(ti, xj), u

∗
g,in(ti, xj), and H∗

in(ti, xj) denote the macroscopic incoming mass flux, gas veloc-
ity, and energy flux per unit mass, respectively. The same underlying principle is extended to develop
the formulations for the determination of wall temperatures in the case of partially diffuse and Cercig-
nani–Lampis–Lord (CLL) GSI models.
In this study, we use the 2D numerical setup of Stefanov et al. [2] with an aspect ratio L/H = 2, where
L and H are the length and height of the domain, respectively. The top (y = 1) and bottom (y = 0) walls
are the cold and hot walls, respectively as illustrated in Fig. 1a. The boundary conditions at the top and
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bottom boundaries are as shown in Table 1. Periodic boundary conditions are applied at the side walls.
A temperature ratio, r = 0.1 is used with hot wall temperature Th = 160K. For the isothermal case, the
temperatures are prescribed at the walls. For the constant heat-flux case, a constant heat flux obtained
from the inversion of Equation (2) is imposed at the hot and cold walls, qh and qc. Argon is used as the
working gas, and molecular collisions are modeled using the variable hard-sphere (VHS) model. A fixed
Prandtl number Pr = 2/3 is used. An acceleration of (0,-g) is applied on the particles based on the Fr.
The DSMC solver SPARTA [8] is used in this study. The computational domain is discretized such that
∆x < λ/3 and the timestep ∆t < min(MCT,MTT ) where MCT and MTT are the Mean Collision
Time and the Mean Transition Time, respectively.

Results

Validation of the computational setup is done by comparing the present results with those of Stefanov
et al. [2]. The line-averaged, non-dimensional density profiles along the height of the domain height are
shown in Fig. 1 for three (Kn, Fr) pairs using isothermal, fully diffuse top and bottom boundaries.

Figure 1: (a) Computational domain with hot and cold walls prescribed by temperatures Th and Tc
(isothermal setup) or by constant heat fluxes qh and qc (constant heat-flux setup). (b) Comparison of
present results (solid lines) with those of Stefanov et al. [2] (SS2002) (symbols) for Kn = 0.02, Fr = 1
and 2, and Kn = 0.005, Fr = 50.

The influence of surface roughness on instability is first examined using isothermal wall conditions with
varying GSI. It is observed that both the temperature jump and velocity slip increase as α decreases,
indicating lesser equilibration of molecules with the wall. For instance, a transition from a fully diffuse
GSI to a partially diffuse GSI with α = 0.8 results in more pronounced slip and temperature jump effects.
A lower α, corresponding to a cleaner or less accommodating surface, can enhance and promote the
onset of flow instability. This behavior could be attributed to weaker momentum and thermal interaction
between the gas and the wall, which reduces the stabilizing (damping) influence of the wall on the flow.
Thus, a cleaner surface, such as the CLL2 GSI model, could enhance convection and change the onset of
instability.
This behavior is illustrated in Fig. 2, where the flow at Kn = 0.02 and Fr = 10.5 is identified to remain
in purely conductive state for isothermal fully diffuse boundaries based on a Nusselt number close to
unity, the absence of bulk motion and circulation patterns, and nearly horizontal isotherms, while the
isothermal CLL clean boundaries exhibit a transition to convection.
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Figure 2: Velocity vector fields overlaid on temperature contours for Kn = 0.02 and Fr = 10.5, comparing
(a) fully diffuse and (b) CLL2 (clean) GSI models.

A similar trend is observed when the thermal boundary condition is changed from isothermal to con-
stant heat flux, as reported. Constant heat-flux, fully diffuse boundaries are found to enhance convection
compared to isothermal, fully diffuse boundaries. In Fig. 3, the neutral curve separating the conduction
and convection regimes is shown. For each Knudsen number, the critical Froude number marking the
transition between conduction and convection regimes is indicated.
First, when comparing GSI models under isothermal boundary conditions, the CLL2 GSI model widens
the neutral curve to higher Fr values for each Kn. It also slightly increases the maximum Kn limit at
which convection can develop for a given temperature ratio, r. Next, comparing isothermal and constant
heat flux boundaries for the fully diffuse GSI, the neutral curve both widens as well as increases in
height. There is no single neutral curve for non-continuum RBC. Previous studies have shown that the
neutral curve depends on parameters such as the temperature ratio, collision model, Prandtl number, and
thermal boundary condition [2, 5]. Here, we demonstrate that gas-surface interaction effects, combined
with thermal boundary conditions, significantly influence the onset and sustenance of instability.

Figure 3: Comparison of neutral curves for (a) fully diffuse and CLL2 GSI models under isothermal
conditions and (b) different thermal boundary conditions (isothermal vs. constant heat-flux) for fully
diffuse walls.

The heat transfer characteristics, particulary, the variation of bulk, hot and cold wall Nusselt number with
GSI models, thermal boundary condition, Knudsen number and Froude number, as well as the complete
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set of neutral curves for all combinations of thermal boundary conditions and GSI models, as summarized
in Table 1, along with their respective effects across the low and high Kn regimes, will be discussed in
detail during the conference.
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ABSTRACT 

In this talk, some recent experimental and theoretical studies on thermally-induced microflows will be 

introduced. In the experimental part, we focus on thermophoresis, namely, a microparticle motion 

along a temperature gradient in fluids. Using an optothermal microfluidic system in liquids combined 

with optical trapping, thermally-induced flows around microparticles are detected, and the connection 

between the thermally-induced flows and the thermophoresis is clarified. To measure such slow 

microflows, optically-trapped particle tracking velocimetry is also proposed. Optothermal microfluidic 

systems are found to be effective, feasible, and convenient experimental setup to investigate thermal 

microflows. As an instant computational tool for optothermal microfluidic systems, a semianalytical 

model has been developed. In the modeling part, a kinetic model on thermally-induced non-

equilibrium gas flows will be introduced. The model incorporates the fluid–solid molecular interaction 

potential, and a thermal-slip boundary condition is derived using the generalized slip-flow theory. 

Although the model is extremely simple, we have shown that the model reproduces qualitatively the 

sign reversal of the thermal-slip coefficients depending on the strength of the fluid-solid interaction. 

These outcomes on thermally-induced microflows are expected to contribute to the development of 

novel microfluidic functions such as separation and concentration.  

Introduction  

Thermophoresis is the motion of nano- and microscale objects along the temperature gradient of a 

fluid. The characteristics of thermophoresis are sensitively dependent on the choices of the object and 

the fluid, and microfluidics applications have demonstrated that thermophoresis can be applied to the 

separation of colloidal mixtures [1,2]. Similarly, the temperature gradient of a solid (e.g., substrates, 

spheres) induces thermo-osmosis, which is a creeping fluid flow near the solid boundaries [3]. 

Thermo-osmosis is a fundamental nonequilibrium effect in fluid mechanics at the nanoscale, emerging 

in both for gases and liquids, exploring a novel application for conversion from heat to motion.  

The driving mechanism of thermo-osmosis and thermophoresis is the temperature gradient, and 

thus, a key to these applications is the method of producing the temperature field. Optothermal fluidics, 
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i.e., optical-heating-mediated fluidics, is a promising experimental tool for this purpose because we 

can easily localize the heat in micro- and nanoscales using standard optical systems, generating a huge 

magnitude of temperature gradient of the order of 1 K/µm. Recently, we have developed a 

semianalytical model for optothermal fluidics [4]. Using an open-source code for the model, 

temperature and flow fields for optothermal fluidics, including thermo-osmosis near substrates, can be 

obtained instantly. Simultaneously, we have tried to develop a theoretical model to investigate thermo-

osmosis, that is, a thermal-slip coefficient on boundaries, using the generalized slip-flow theory in the 

kinetic theory of gases [5]. The model reproduces qualitative trends that have been reported in 

molecular simulation, such as the flow reversal due to the change of fluid—solid interaction potential.  

In this presentation, we will briefly introduce our researches on optothermal fluidics mentioned 

above. In particular, the results of Ref. [3], which investigated the connection between the 

thermophoresis of microparticles and the thermo-osmotic slip flows over the particle surface, will be 

mainly discussed. A key to evaluating thermo-osmotic slip flows was the optical trapping of tracers (a 

more generalized method has been proposed in [6]). That is, fluorescent flow tracers are optically 

confined in a region-of-interest near the surface of the microparticle placed in the optothermally-

generated temperature field (Figure 1); the distribution of these trapped tracers is analyzed to obtain 

the characteristics of thermo-osmosis. It is shown that the surface properties of microparticles 

significantly affects thermo-osmosis near the microparticle surface.  

 

 
 

Figure 1: Schematic of the evaluation of thermo-osmosis around a thermophoretic microparticle in Ref. [3].  
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ABSTRACT

For a gas-solid interfacial system where chemical species undergo reversible adsorption, we develop a
mesoscopic stochastic modeling method that simulates both gas-phase hydrodynamics and surface cov-
erage dynamics by coupling the Langmuir adsorption model with compressible fluctuating hydrodynam-
ics. To this end, we derive a thermodynamically consistent mass-energy update scheme that accounts for
how the mass and energy variables in the gas and surface subsystems should be updated according to the
changes in the number of molecules of each species in each subsystem due to adsorption and desorption
events. By performing a stochastic analysis for the ideal Langmuir model and the full hydrodynamic
system, we analytically confirm that our mass-energy update scheme captures thermodynamic equilib-
rium predicted by equilibrium statistical mechanics. We find that an internal energy correction term is
needed, which is attributed to the difference in the mean kinetic energy of gas molecules colliding with
the surface from that computed from the Maxwell-Boltzmann distribution. By performing an equilibrium
simulation study for an ideal gas mixture of CO and Ar with CO undergoing reversible adsorption, we
validate our overall simulation method and implementation.

* Corresponding author

1

210



Proceedings of the 5th European Conference on Non-equilibrium Gas Flows - NEGF26
25-27 March, 2026, Toulouse, France

Disclaimer

This extended abstract is based on the recent collaborative work among UC Merced, KAIST, and Berke-
ley Lab. A manuscript has been submitted for publication in a journal and the preprint is available on
arXiv [1].

Motivation and Question to be Addressed

Computational modeling of reactive gas-solid interfacial systems, e.g., heterogeneous catalysts, plays
an important role in various fields of science and engineering, including energy and environmental sci-
ences. Due to its intrinsic multi-phase, multi-scale nature, an accurate and computationally efficient
description of both the reactive dynamics on the catalytic surface and the transport dynamics in the gas
phase is required. However, since these dynamics have disparate natures, the use of a single traditional
simulation approach usually leads to inaccurate or computationally inefficient simulations.
As an alternative, several hybrid simulation approaches have been proposed for reactive gas-solid inter-
facial systems. In the CFD–KMC hybrid approach, computational fluid dynamics (CFD) is employed
for gas-phase hydrodynamics, whereas kinetic Monte Carlo (KMC) is used for surface chemistry. Most
existing CFD–KMC hybrid simulation methods are based on the macro-micro coupling structure or
the heterogeneous multiscale method, where the KMC (micro solver) is passively coupled to CFD
(macro solver) using one-way coupling under the assumption of complete scale separation. However,
for a mesoscale gas-solid interfacial system, where the gas-phase hydrodynamics and surface reaction
dynamics have comparable time and length scales (see the left panel of Fig. 1), this CFD–KMC hybrid
approach based on the macro-micro coupling is not applicable and a new hybrid simulation approach
based on two-way, concurrent coupling is needed.
In this mesoscale hybrid approach, it is assumed that the domain of the surface chemistry solver corre-
sponds to a physical boundary of the continuum hydrodynamics solver and these solvers update the states
of the corresponding subsystems concurrently while exchanging molecules due to adsorption and des-
orption. Since thermal fluctuations are significant at mesoscales, they need to be incorporated in the con-
tinuum CFD solver. The fluctuating hydrodynamics (FHD) approach provides a suitable mesoscopic
simulation framework [2, 3, 4] and has been used to develop two-way, concurrent continuum–particle
coupling methods for nonreactive hydrodynamic systems, e.g., direct simulation Monte Carlo [5]. In
this work, we address one of the fundamentally important theoretical questions for the development of
the FHD–KMC coupling, i.e., how to correctly combine FHD and KMC, by investigating thermody-
namic consistency.

Figure 1: Schematic diagrams of an FHD-KMC coupling (left) and the Langmuir adsorption (right).
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Main Results

We develop a novel mesoscopic stochastic modeling method that integrates the Langmuir adsorption
model (see the right panel of Fig. 1) with compressible FHD. A primary theoretical achievement of this
work is the derivation of a thermodynamically consistent mass–energy update scheme to handle the
exchange of mass and energy variables between the gas and surface subsystems during adsorption and
desorption events. Through a rigorous stochastic analysis applied to the ideal Langmuir model and the
full hydrodynamic system, we analytically confirm that this update scheme successfully captures the
thermodynamic equilibrium predicted by equilibrium statistical mechanics.
A crucial element identified during the derivation of the mass–energy update scheme is the requirement
for an internal energy correction term, quantified as 1

2kBT per molecule. This correction is necessary
because the mean kinetic energy of a gas molecule colliding with the surface differs from the mean kinetic
energy calculated from the bulk Maxwell–Boltzmann distribution. Specifically, the normal velocity com-
ponent of a molecule colliding with the wall adheres to a Rayleigh distribution, resulting in an average
kinetic energy of kBT for that component, rather than 1

2kBT associated with the other two velocity com-
ponents; hence, the mean kinetic energy of the molecule (2kBT ) is larger by 1

2kBT than the standard
3
2kBT mean kinetic energy for the bulk gas. Furthermore, we develop a thermodynamically consistent
reaction (TCR) model for Langmuir adsorption, which guaranties that the formulation and parameter
selection are based on consistent chemical potential models, thus ensuring that the relationship between
the equilibrium constant and the rate constants is preserved.
We perform extensive numerical validations using equilibrium simulations of an ideal gas mixture (CO
and Ar, with CO undergoing reversible adsorption) to confirm the accuracy of our methodology beyond
the weak-noise limit. The simulation results obtained using our update scheme faithfully reproduce the
expected thermodynamic equilibrium properties. Specifically, cell variances and structure factor spectra
for all state variables, including mass densities, velocity components, temperature, and surface coverage,
agree with theoretical predictions based on equilibrium statistical mechanics within minimal statistical
errors, e.g., cell variance profiles agreeing within 0.1% error (see Fig. 2). Conversely, thermodynamically
inconsistent settings—such as replacing instantaneous partial pressure and temperature with mean values
in the adsorption rate calculation (mimicking a passive macro-micro coupling)—lead to significant devi-

Figure 2: Correct structure factor spectra obtained using our thermodynamically consistent mass-energy
update scheme.
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ations, e.g., exceeding 10% error in cell variances and unphysical fluctuations for mass density variables
near the adsorbent surface (see Fig. 3). Most importantly, our validation study demonstrates the critical
role of the 1

2kBT energy correction term. When this correction is omitted from the reversible adsorption
update, the resulting simulation displayed statistically significant nonzero correlations between thermo-
dynamic variables such as (ρCO, T ), (θ, T ), and (θ, ρCO) in the bottom layer contacting the adsorbent
surface, which should be zero at equilibrium. These findings confirm that our methodology provides a
foundational, thermodynamically consistent framework for modeling fluctuations at the gas-solid inter-
face.

Figure 3: Structure factor spectra obtained using a thermodynamically inconsistent setting mimicking a
passive macro-micro coupling.
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